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Abstract
Quantum chaotic systems are often defined via the assertion that their spectral statis-
tics coincides with, or is well approximated by, random matrix theory. In this paper we
explain how the universal content of random matrix theory emerges as the consequence
of a simple symmetry-breaking principle and its associated Goldstone modes. This allows
us to write down an effective-field theory (EFT) description of quantum chaotic systems,
which is able to control the level statistics up to an accuracy O (e−S) with S the entropy.
We explain how the EFT description emerges from explicit ensembles, using the example
of a matrix model with arbitrary invariant potential, but also when and how it applies
to individual quantum systems, without reference to an ensemble. Within AdS/CFT this
gives a general framework to express correlations between “different universes” and we
explicitly demonstrate the bulk realization of the EFT in minimal string theory where
the Goldstone modes are bound states of strings stretching between bulk spectral branes.
We discuss the construction of the EFT of quantum chaos also in higher dimensional field
theories, as applicable for example for higher-dimensional AdS/CFT dual pairs.
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1 Introduction and summary
Important progress in lower-dimensional models of AdS/CFT duality has given renewed impetus
to contemplate ensemble averages of boundary theories, which either entirely capture the bulk
quantum gravity path integral, or at least agree with the latter in an averaged sense.
Ensemble averages are also known to play a crucial role in the understanding of chaotic
quantum systems. Generic chaotic quantum systems are believed to exhibit behavior at late
times that is well captured by that of a suitable random-matrix ensemble. Suitable here means
that there is a small number of universality classes distinguished by the presence or absence of
anti-unitary symmetries in the original quantum system and ‘late times’ means ‘later than the
Thouless time’, whose precise definition we give below. Equivalently, this RMT universality
finds its expression in the distribution of energy levels, in the sense that the energy levels of a
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chaotic quantum system exhibit the same statistical properties as those of the corresponding
ensemble.
A key question in both contexts is the relationship between the individual, fixed quantum
system and the ensemble average that is supposed to capture its chaotic properties. In this
work we pursue a set of parallel goals in order to investigate this question, with an eye on its
holographic ramifications. Firstly we describe how the universal content of chaotic quantum
systems is encapsulated in a simple symmetry-breaking principle, the breaking of causal sym-
metry. Secondly we show that this symmetry breaking principle allows one to select a universal
set of light modes – precisely the associated (pseudo–)Goldstone modes – which quantitatively
express the RMT physics, both for ensembles as well as individual chaotic quantum systems,
in terms of a simple effective (field) theory, well-known in the chaos community as the Efetov-
Wegner sigma-model [1, 2]. Thirdly, we argue that in the bulk causal symmetry is broken by
a condensate of strings, moving in the presence of D-branes representing the spectral determi-
nants of the boundary theory. As an illustration we give an explicit bulk realization of this
scenario in the context of minimal string theory, where the relevant effective theory is equivalent
to Kontsevich’s cubic matrix model.
The sigma-model approach is tailor-made to control the spectral statistics with a precision
that is exponential in the size of the Hilbert space, i.e. sensitive to energy differences of the
order
∆E ∼ O (e−S) . (1.1)
These contributions are sometimes referred to as being doubly non-perturbative because they
are controlled by factors e−const.×e
S
, exponential in the size of the Hilbert space, which itself is
exponential in the system size (e.g. ∼ e−eN for SYK on N sites.) This is achieved by formulating
the calculation of microscopically defined correlation functions in terms of an effective theory of
the aforementioned pseudo-Goldstone modes. The large parameter, dimH, stabilizes two saddle
points on the Goldstone mode manifold, connected to each other via a discrete Weyl group
symmetry. Within this framework, structures such as the ‘dip-ramp-plateau’ region ubiquitous
in spectral form factors are described as the contributions of non-ergodic fluctuations (dip), an
expansion in ergodic fluctuations around the first saddle (ramp), and one around the second
(plateau), respectively. The latter two structures are the universal content of the effective field
theory of the Goldstone sector. The Weyl group symmetry establishes a connection between
the expansions yielding ramp and plateau, respectively, and in this way gives access to deeply
non-perturbative information (plateau) once the perturbative contents of a theory (dip/ramp) is
under control. Finally, in the deep infrared, ∆E . O(e−eS), the ergodic mode becomes massless,
full integration over its nonlinear target manifold restores the causal symmetry, and in this
way resolves the rigidity of level repulsion in the chaotic many body spectrum in quantitative
agreement with the results of random matrix theory (RMT).
In cases where a theory is exactly given by a matrix model (say of matrix dimension L×L),
for example in 2D gravity [3], or the recent reformulation of JT gravity in terms of matrix
integrals [4], the above approach improves on previous treatments in that it gives analytical
control over non-perturbative physics, i.e. contribution of O (e−L). In situations where the
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theory is not exactly equivalent to a matrix model, for example in the canonical holographic
example of the N = 4 theory in 3 + 1 dimensions, the sigma-model approach advocated in
our work gives a framework to understand in what sense random-matrix physics is a good
approximation, and to control spectral correlations non-perturbatively in terms of an effective
field theory.
The general idea of causal symmetry itself is quite simple: in order to extract information
about spectral correlations, it is necessary to consider correlation functions between Green
functions of opposite causality, that is to say between advanced and retarded propagators. It
is then convenient to develop a (path-)integral representation of these correlation functions by
introducing auxiliary degrees of freedoms, at first separately for the advanced as well as the
retarded sector. However, the resulting system turns out to be invariant under continuous
general linear transformations which rotate advanced into retarded degrees of freedom (and
vice versa), the causal symmetry. Furthermore, in applications of interest to us, this symmetry
is broken both explicitly by a small amount and spontaneously by the saddle-point solution(s).
In such cases, one may describe the long time or low energy physics of the system in terms
of an effective field theory assuming the symbolic form,
Z =
ˆ
DQe−S[Q]. (1.2)
Here, the integration is over fields, seen as maps from a base space M to the target space T ,
Q : M → T, x 7→ Q(x), where T is a low-dimensional nonlinear target manifold universally
determined by the symmetry breaking. For example, in many cases of interest Q(x) is simply a
4×4 graded matrix, and T the graded coset space U(2|2)/U(1|1)×U(1|1) (hence the classifica-
tion as nonlinear sigma model.) By contrast, the realization of the base space depends on the
application. For example, in the case of matrix models, the integral is over matrices Q, with no
position dependence. In the classic applications of the theory to disordered electronic systems,
Q(x) becomes a space-dependent matrix field, and S[Q] an action containing spatial gradi-
ent terms
´
str(∇Q(x))2 (describing diffusive dynamics) in addition to the explicit symmetry
breaking mass term
´
str(ωQ). However, more relevant to holographic applications are many
body realizations of chaos, where M reflects the full structure of the underlying many-body
Hilbert space. Given this potentially highly complicated structure it is fortunate that typically
(that is in theories that do not exhibit many-body localization) there exists a threshold energy,
the so-called Thouless energy, below which fluctuations inhomogeneous on M are energetically
disfavoured, so that the field integral collapses to one over a homogeneous ‘mean field’ config-
uration Q(x) = Q. We thus conclude that, for these energies, the action reduces to that of
the random matrix models, thereby demonstrating RMT universality at low energies from the
perspective of the EFT. The appearance of the scale L in the exponent, which is a robust con-
struction principle of the present approach, means that the theory is ‘semiclassical’ for energies
∆E  L−1, and capable of resolving ‘doubly non-perturbative’ structures for ∆E ∼ L−1.
The essence of the sigma model approach is a reduction of theories defined in eS-dimensional
Hilbert spaces to effective theories on much lower dimensional ‘flavor’ manifolds. Both the
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realization of the flavor manifold and its exact dimensionality (which however remains always
of O(1) in terms of L) depend on the symmetries of the parent theory, and on the details of
the correlation functions at hand, in a well-understood way.
As we will reason later in the text, this reduction affords a beautifully simple bulk interpre-
tation: the flavor manifold can be identified with the effective degrees of freedom of a sector
of open strings which stretch between a small number of ‘flavor branes’, while the pseudo-
Goldstone modes are mesonic strings which begin and end on one of these flavor branes. Again
the nature and the number of ‘flavor branes’ depends on the observables one wants to compute,
and is in exact correspondence with the aforementioned flavor structure of the boundary theory.
In the rest of the paper, we will discuss the contents prosaically summarized above in more
mathematical language. Much of the paper addresses contents well familiar in either the string
theory or the condensed matter/chaos community, but hardly any of it in both. We have tried
to make the text accessible to readers from both camps, which explains a degree of redundancy
and the presence of material which may be skipped by experts. In section 2 we introduce
standard diagnostic observables probing the physics of chaotic systems, their representation in
terms of graded field integrals, the principles of the above symmetry breaking mechanism, and
that of the field theory defined by it. While the discussion of this section applies to a wide range
of settings, section 3 takes a complementary perspective and considers matrix theories — with
invariant yet general (not necessarily Gaussian) distribution — as a concrete case study. This
section intentionally goes into some technical detail. It can, but need not be read before the
more exploratory section 4, where we address causal symmetry breaking from the perspective of
the bulk. We present a discussion of some open issues Section 5, followed by Appendices going
over salient details of impurity diagrams as well as the relation of the superymmetry technique
used in the bulk of this paper and the replica approach.
2 Spectral probes
2.1 Time scales
The prime focus of this work rests on late time chaotic properties, so it will be useful to put the
relevant scales in context. In order to do so, let us define a few important quantities, starting
with the density of energy levels
ρ(E) =
1
L
L∑
i=1
δ (E − Ei) , (2.1)
where L = dimH is the dimension of Hilbert space. Since the quantum system of interest will
have a very large number of such levels, it makes sense to speak of the typical separation at
energy E, the mean level spacing
∆(E) := 〈ρ(E)〉−1 , (2.2)
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where the average denoted by angular brackets may be over energy windows of a given Hamil-
tonian, a set of parameters, or as will often be the case, over an ensemble of Hamiltonians.
The mean level spacing defines the smallest energy scale in the problem, and its inverse, the
Heisenberg time, tH = 2pi∆
−1 the largest time scale. (Referring to the emergence of a ‘plateau’
in the form factor Eq. (2.7) of Gaussian unitary random matrices at this scale, tH has been
dubbed the ‘plateau time’. However, given that in other symmetry classes there are no such
signatures in the form factor, this may be a bit of a misnomer.) Following standard conventions
in the field, we frequently measure energy differences ω = O(∆) and their conjugate time scales
t in dimensionless variables
s ≡ piω
∆
, τ ≡ t
tH
. (2.3)
We next outline some canonical time scales encountered in quantum chaotic systems, in order
to better define the regime of interest of this work, namely times of parametric order tH .
Firstly, let us generically assume that there is a parameter, such as ~ or N , so that the system
is semi-classical for ~, N−1 → 0. A typical chaotic quantum system then has characteristic
imprints resulting from the following scales:
Early time chaos
1. Lyapunov time, tL = λ
−1: Many chaotic systems are defined with reference to a semiclas-
sical parameter ~ such that they become classical in the limit ~→ 0. In these cases, the
time scale tL characterizes the exponential divergence δx ∼ eλt of initially close phase-
space trajectories. In systems without straightforward classical limit, such as spin 1/2
chains, time scales playing an analogous role may be defined in terms of observables
showing early time exponential instabilities.
2. Ehrenfest time tE ∼ λ−1 log 1/~: this quantum time scale is attained when a minimum-
uncertainty wavepacket localised to within a Planck cell in phase space has spread to
a width of order one. The prefactor of λ−1 is due to the semiclassical propagation of
the wavepacket (i.e. retains an imprint of classical Lyapunov chaos), while the factor ~
inside the log comes from the quantum spread. This timescale is also known, especially
in the black-hole context, as the scrambling time ts. In cases without orthodox semiclas-
sical parameter, ~, the scrambling time is reached when observables probing early time
instabilities have become ‘large’, for instance at tE ∼ λ−1 ln(N).
3. Ergodic time (aka Thouless time) tE: the time scale beyond which a chaotic flow uniformly
covers the classical energy shell in phase space. For example, in a diffusive metal of linear
extent λ and diffusion constant D, this would be the time tE ≈ D/λ2 it takes to diffusively
explore the system. More generally, tE sets the scale beyond which RMT behavior is
attained. We caution that a Thouless time need not necessarily exist (such as in infinitely
extended systems, or systems which do not quantum-thermalize in the long time limit),
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or can be be a tricky affair (such as in the SYK model, where the fidelity to RMT depends
on the observable under consideration).
Late time chaos
4. Times exceeding the ergodic time t > tE: The physics described in this regime is what is
often referred to as the ‘ramp’ phase, associated with spectral rigidity of chaotic quantum
systems. However, for τ ∼ O(1), necessarily non-perturbative physics sets in. This
happens at the
5. Heisenberg time tH = 2pi∆
−1: the behavior associated with this time scale is what is known
as the ‘plateau’ phase when speaking of certain observables, such as two-point functions
or the spectral form factor. The physical behavior in this regime is non-perturbative in ∆,
but straightforward to capture within the late-time effective description expanded upon
in this work.
To orient the reader, let us indicate these timescales on the example of the Majorana SYK
model [5,6] on N sites, which has Hilbert space dimension L = 2N/2, dual to black holes in two
dimensional anti-de Sitter space [5, 7]. A seminal computation by Kitaev demonstrated that
the scrambling time for this model takes the form ts =
β
2pi
log(N), indicating that N−1 assumes
the role of the semiclassical parameter. The mean level spacing ∆ ∼ e−N is exponentially
small in N , the Heisenberg time scales like tH ∼ eN , and the ‘doubly non-perturbative’ effects
appearing when τ = 1 are of order e−e
N
. These have been the object of much recent interest [4],
and as part of this work we review how they are explicitly and analytically computable within
the EFT approach [8]. This is in contrast to the picture in [4], where the existence of such
effects is inferred from the asymptotic behavior of a perturbative expansion in ∆, while the
non-perturbative completion itself remains inaccessible.
2.2 Resolvents and determinants
Let us now introduce a set of observables well suited to characterise spectral properties of a
quantum system of interest. We start by defining the trace of the resolvent
W (z±) =
〈
Tr
1
z± −H
〉
=
〈
TrG(z±)
〉
, (2.4)
where for the time being the brackets indicate an average either over an energy window or an
ensemble of Hamiltonians and we have introduced the notation z± indicating the addition of
a small positive or negative imaginary part the energy argument. The utility of the spectral
resolvent is in its simple relationship with the spectral density, namely ρ(z) = ∓ 1
pi
ImW (z± iδ).
Mostly we will be interested in higher spectral correlation functions, and correspondingly in
objects of the form
W (z1, z2, . . . zk) = 〈TrG(z1)TrG(z2) · · ·TrG(zn)〉 , (2.5)
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where each energy argument could have either a small positive or negative imaginary part, and
which shall often be indicated as z±i . A particularly interesting such quantity is the spectral
form factor, which is defined via the spectral correlation function
R2(ω) = ∆
2
〈
ρ(E +
ω
2
)ρ(E − ω
2
)
〉
c
, (2.6)
(we denote the connected part (〈AB〉c = 〈AB〉− 〈A〉〈B〉) of any observable with subscript ‘c’),
such that
K(τ) =
1
∆
ˆ
dωR2(ω)e
−i 2piω
∆
τ . (2.7)
Note that the exponent is written in a natural way in terms of times normalized by the inverse
level spacing. Having discussed these characteristic probes, we now introduce a class of aux-
iliary quantities, which will turn out to be the most convenient objects on which we base our
framework. These take the form of ratios of determinants and we are principally interested in
two cases, namely
Z(2)(zˆ) = det(z1 −H)
det(z2 −H) Z(4)(zˆ) =
det(z1 −H)det(z2 −H)
det(z3 −H)det(z4 −H) . (2.8)
By a slight abuse of notation, in each case the matrix zˆ is taken to be the diagonal matrix
of ordered energy arguments, e.g. zˆ = diag(z1, z2) in the first case. The dimension of this
matrix will always be clear from the context, and the utility of arranging energies in matrix
form will emerge in our subsequent developments. Let us briefly pause and note that careful
attention needs to be placed on the infinitesimal imaginary parts given to the energy arguments,
in the denominators, where they determine the pole structure of the spectral determinants.
Specifically, the spectral determinant Z(2) allows us to extract the spectral density via the
resolvent, viz.
W (z) = ∂z2Z(2) (zˆ)
∣∣∣
z1=z2=z
⇔ ρ(z) = ∓ 1
piL
Im ∂z2
〈Z(2) (zˆ)〉∣∣∣
z1=z2=E±i0
. (2.9)
On the other hand, the spectral two point function requires the use of the ratio Z(4):
〈ρ(E)ρ(E ′)〉 = Re
pi2L2
∂2
∂z3∂z4
〈
Z(4)(z1, z2, z+3 , z−4 )
〉∣∣∣∣∣z1=z+3 =E
z2=z
−
4 =E
′
. (2.10)
The spectral determinant Z(4) possesses an interesting Weyl symmetry under the exchange of
z1 ↔ z2, which leaves the spectral correlation function unchanged. As we will discuss later,
this discrete symmetry is key to the understanding of the non-perturbative structure of the
spectrum. It is called ’Weyl symmetry’ because in the later representation of the problem as
a coset matrix integral the reflection z1 ↔ z2 translates to a Weyl group symmetry in the
mathematical sense on the symmetry group of the integral.
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2.3 Causal symmetry
A very useful way to rewrite the ratios (2.8) is by means of a graded Gaussian integral
Z(4) (zˆ) =
ˆ
e−iψ¯(zˆ−H)ψd(ψ, ψ¯) , (2.11)
where ψ ∈ V is a 4L dimensional graded vector with 2L Grassmannian components and 2L
ordinary c-number components. Here, the Grassman integrals produce the determinant factors
in the numerator, while the c-number integrals produce those in the denominator. It should also
be clear how to write the corresponding expression of a ratio Z(2n) in terms of a 2nL-dimensional
graded integral, although we shall not be needing the higher n > 2 cases in the present work.
The detailed structure of the graded vector space is associated to different physical aspects of
our problem and takes the form V = H ⊗ VF , where H is the Hilbert space our Hamiltonian
H acts on, and we refer to VF as “flavor space”. We note that in this context the Hilbert
space itself is often referred to as “color space”. We will often use this terminology in this
work, but caution the reader not to confuse this usage of “color” with the common usage of
color symmetry in Yang-Mills theory. On the other hand, the flavor-structure is dictated by
the requirement that each determinant must come with an inverse determinant so as to ensure
normalization of the final physical quantities. This introduces a Z2 grading to flavor space1.
Finally, in the cases of interest we have advanced and retarded sectors which each add one more
factor to the tensor product making up flavor space.
Let us now describe more closely the structure of the integral (2.11) above: as mentioned,
each of the fields ψ = {ψaµ} carries a Hilbert-space index µ as well as a flavor index a, suppressed
above for notational transparency. The action of the Gaussian integral is subject to a GL(2L|2L)
symmetry in the fundamental representation,
GL(2L|2L) ⇒ ψ → gψ , ψ¯ → ψ¯g−1 , (2.12)
weakly broken by the energy matrix zˆ, and strongly broken by the Hamiltonian H. (We here
use standard (·|·) notation in referring to group representations in graded spaces.) The origins
of this symmetry and its (spontaneous) breaking in the causal sector will be the main guiding
principle in the construction of this paper. Secondly, the index a plays a double role. It
labels both fermionic and bosonic components, as well as advanced and retarded components,
distinguished by their respective imaginary offsets. One may thus also write a = (σ, s), where
s = ± labels the component in the advanced-retarded basis and σ denotes the fermion-boson
grading. Thirdly, the action of conjugation (see section 3, after Eq. (3.1) for the detailed
definition) ψ¯ together with the infinitesimal imaginary offsets δa ensure convergence in the
bosonic sector.
The field theory approach to quantum chaos takes the exact representation (2.11) as the
1Let us note that the normalization of final results can also be achieved by means of the replica trick, which
would lead to a much bigger, but purely bosonic flavor space. We shall comment on this alternative point of
view from time to time.
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starting point towards the construction of an effective low energy theory describing the system
at large time scales. Here ‘low energy’ refers energy differences of order |zi − zj| ∼ ∆, assumed
to be of the order of the quantum energy level spacing (1.1). In certain examples, these theories
can be derived from first principles where both the final form of the effective action, and the
details of the construction are specific to the physical system at hand. However, we here reason
from the vantage point of symmetries, which lets the underlying structures stand out, and de-
fines generally applicable construction principles. Specifically, symmetries determine the target
spaces of the effective field theories, the essential strategy of their derivation, their operator
contents, and the universal physics of the ergodic phase (where one exists.) In the following, we
introduce these symmetries and their manifestations in the effective low energy theory from a
birds eye perspective. This discussion is complemented in section 3 by an exemplary derivation
of the effective field theory for the simple case where H is drawn from a matrix ensemble. In
section 4 we give an explicit bulk realization, again for what is arguably one of the simplest
examples, namely (2, p) minimal string theory, and draw broader conclusions for holographic
duality.
2.4 Ensemble vs. individual system
Unus pro omnibus, omnes pro uno
(The unofficial motto of Switzerland)
We have at various points stated that causal symmetry breaking is the universal description of
quantum chaotic systems. However, this begs the question to what extent individual chaotic
systems display this ‘universal’ behavior. Our approach to quantum chaos is inherently sta-
tistical, describing systems in terms of correlation functions which either directly or effectively
make reference to (parametric) ensembles. For an individual system the notion of statistics does
not exist in a strict sense2. On the other hand we know that if we average over an ensemble
of microscopically different but macroscopically identical systems, universal statistics emerges.
On this basis, the expectation is that in spectral correlation functions computed for individ-
ual chaotic systems, smooth backgrounds exhibiting RMT behavior appear superimposed with
high frequency noise — see Ref. [9] for a case study demonstrating this phenomenon. For a
system of Hilbert space dimension L, the noise amplitude scales with ∼ L−1/2, masking the
rapid universal decay of spectral correlations already for small energy differences. However,
these fluctuations are extremely rapid, making them susceptible to dephasing under any mild
averaging. This has the effect that signal smoothing by any continuous averaging protocol,
over external system parameters, ’disorder’, or even the value of ~, efficiently eliminates it and
allows the universal content to emerge. These observations comport well with recent work that
proposes to define statistical ensembles for AdS3 gravity by averaging over a set of moduli of
the compactification [10–12], which serve as the small set of smoothing parameters necessary
2unless one admits the distribution of its energy levels along the real axis as a discrete measure — an approach
that worked miraculously well since the early days of the field when the resonance spectra of individual heavy
nuclei were put in relation to RMT spectral statistics.
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to bring out the EFT behavior.
If one wants to strictly confront individual chaotic systems, without any mild averaging
over a small set of parameters whatsoever, the EFT can be stabilized by an average over
energy [13–15]. A subsequent expansion in smooth field fluctuations then yields an action
which, by design, disposes with the information on high frequency noise. Its capacity to yield
universal information beyond the RMT limit has been demonstrated on a number of case
studies, including the field theory approach to quantum graphs [16], or to nonperturbative
localization phenomena in the quantum standard map [17]. While slightly going against our
EFT logic, it may be instructive to apply such an approach to one of our canon of field theories
with holographic duals in higher dimensions, e.g. ABJM theory or the N = 4 SYM theory.
2.5 The effective field theory of quantum chaos
Having qualitatively outlined the main ideas going into developing an effective theory of uni-
versal spectral correlations in quantum chaotic systems, we now delve into the conceptual steps
involved in its construction in some more detail.
1. Broken symmetry and the analytic structure of the resolvent: consider the resolvent
G(z) ≡ (z −H)−1 of a chaotic Hamiltonian, where we will assume that L = dimH  1.
For example, considering the case where H = H(v) depends on randomness (symbolically
represented by the variable v) and the averaging in Equation (2.4) is over a distribution
P (v) of the latter. Prior to averaging, the resolvent has poles at the discrete eigenvalues
of H(v), implying that Im tr(G(z)) = 0 almost everywhere for z = ± i0. By contrast, the
average resolvent 〈G(z)〉 has a branch cut inside the spectral support of H along the real
axis, where Im tr〈G(z)〉 = ±O(ρ(z)), the sign being uniquely determined by that of the
infinitesimal imaginary part of the energy argument, Im(z). This illustrates the simplest
instance of a symmetry breaking scenario characterized by an amplification ±i0 → ±iρ
of the infinitesimal imaginary energy increments to a large and finite value, proportional
to the averaged spectral density, ρ(z).
2. Pattern of symmetry breaking: the consequences of the symmetry breaking in the effective
theory become apparent when we discuss it in the context of the transformation group
Eq. (2.12). Since H represents an explicit and strong symmetry breaking in the ‘color’
sector, only transformations in GL(2L|2L)→ GL(2|2)×1L ≡ GL(2|2) can be symmetries
of the late time physics.. The above breaking mechanism collapses this flavor symmetry
group to GL(1|1) × GL(1|1) — two dimensional transformations between bosonic and
fermionic degrees of freedom acting separately in the sector of retarded and advanced
indices, s = ±. The transformation between the two causal sectors are thus spontaneously
broken, whence the term ‘causal symmetry breaking’. Furthermore the symmetry is
explicitly, but weakly broken by the differences in the energy arguments entering the
diagonal matrix zˆ. We thus conclude that the degrees of freedom essential to the low
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energy physics of the system are flavor Goldstone modes drawn from the manifold3
M = GL(2|2)/ (GL(1|1)×GL(1|1)) . (2.13)
3. Goldstone modes: since the physics is effectively dominated by the light modes, the effec-
tive theory will be given by an integral over the soft manifold. The convergence of this
integral requires a reduction to the coset space U(2|2)/U(1|1)×U(1|1), where the bosonic
(fermionic) sector of U(2|2) is the (pseudo)unitary group in two dimensions. Geometri-
cally, the bosonic sector of the coset is a two-dimensional hyperboloid, and the fermionic
one a two-dimensional sphere. A convenient way to represent this manifold is in terms of
the matrix field
Q = Tτ3T
−1 , T ∈ U(2|2) (2.14)
where τ3 is the Pauli matrix in causal space (τ3)
ss′ = (−)sδss′ , and the action of T by
conjugation respects the residual U(1|1)×U(1|1) symmetry. More generally, the Goldstone
modes Q(x) are fluctuating degrees of freedom, where x parameterizes the base space of
the effective theory. In this case, the Goldstone modes are constructed by writing T as
a product of an element in the full group G times an element of the preserved subgroup
H. This is achieved by letting T (x) → T (x)H(x), H(x) ∈ U(1|1) × U(1|1) so that H
becomes an exact local symmetry, and T (x)→ T0T (x), T0 ∈ U(2|2) a global one, weakly
broken by the differences of the energy arguments entering the argument zˆ.
4. Effective action: Historically, the present form of nonlinear sigma models systems was
pioneered in their application to the physics of disordered metals. There, x is a real space
coordinate, and the action assumes the form
S[Q] = −iv
ˆ
str (zˆQ) dV + F 2
ˆ
str
(∇iQ∇iQ) dV + · · · , (2.15)
where ‘str’ is the matrix trace generalized to ‘supermatrices’ containing commuting and
anti-commuting elements.4 The dimensionful quantities v and F 2 can be identified (see
section 3) with the density of states per volume, ρ(z), and the diffusion constant D
respectively. Note the structural similarity to the chiral Lagrangian of QCD [18] (albeit
with a different symmetry-breaking pattern) which shows that the diffusion term enters
in the same way into the effective field theory of chaos as the Pion decay constant enters
into the chiral effective Lagrangian5. However, unlike the QCD Lagrangian, S[Q] does
3The presence of anti-unitary symmetries in the microscopic theory, such as time reversal, charge conjugation,
or chiral symmetries, restricts the set of symmetry-compatible continuous transformations and changes the
Goldstone mode manifold. However, for simplicity, we focus on the simplest setting, where H is just hermitian.
4For a supermatrix F = ( a στ b ) with bosonic blocks a, b and fermionc blocks σ, τ is defined as strF = tr a−tr b.
5One can write down higher order terms in the symmetry breaking parameter such as str(QzˆQzˆ) by promoting
zˆ to a spurion field. Higher powers of zˆ are then suppressed by powers of v/F 4 leaving us with having to deal
only with the most relevant one we wrote.
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not describe a dynamical theory, the formal reason being that we consider correlations at
fixed energy, so that time is effectively frozen out.
However, most relevant to the present context are recent extensions of the formalism to
interacting systems such as the SYK model [8, 19, 20]. In these cases, the coordinates
x → n label the L ∼ eS discrete basis states of the many-body Hilbert space, and the
action assumes the symbolic form
S[Q] = −iv
∑
n
str (zˆQ) +
∑
n,m
Wnmstr (QnQm) + · · · , (2.16)
where v is now the density of states per lattice site, and Wnm are the lattice hopping
matrix elements defined by the underlying many body Hamiltonian. (For example, the
four Majorana interaction defining the SYK Hamiltonian [5] can change up to four fermion
occupation numbers, making for a range four hopping operator Wnm.) Depending on the
strength of the hopping elements, the above model describes a thermalizing phase where
below a finite Thouless energy the uniform mode Qn → Q dominates (this happens, e.g.,
in the application to the SYK model), or a ‘many body localized’ phase with strong
independent fluctuations of Qn (see Ref. [21] for review.)
In ergodic regimes, both the action describing single particle systems Eq. (2.15), and
many body systems, Eq. (2.16) collapse to the zero mode action
S(Q) = −i pi
2∆
str(Qzˆ), (2.17)
where Q(x) = Qn = Q is the homogeneous zero mode and the level spacing defined as
∆−1 = 2
pi
vV = 2
pi
v
∑
n 1 defined through the effective dimension of Hilbert space. In
this regime, the systems are physically equivalent to random matrix models (which are
likewise described by the action (2.17) as we will demonstrate in section 3):
5. Extracting the random-matrix physics: The partition sum describing a chaotic quantum
system in the ergodic regime assumes the form
〈Z(zˆ)〉 =
ˆ
dQ e−S(Q) , (2.18)
where the action is given by Eq. (2.17) and the integral is over a single instance of the
matrices Eq. (2.14). Thinking of Q as elements of a generalized sphere, and dQ the
corresponding invariant measure (section 3 will provide the details), the action is that of
a ‘magnetic field’ of strength ∼ s = piω/∆. That action comes with two saddle points, a
stable one on the north pole with action 0, and an unstable one at the south pole with
action 2is. The fluctuations around both poles are suppressed in the same parameter s.
In this way, we can understand how the present formalism produces Eq. (2.26) for the
spectral function. In the next section, we add some physical contents to the mathematical
structure of Eq. (2.18). We will discuss the semiclassical interpretation around the two
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saddles, its connection to the ramp-plateau profile of spectral correlations, and the idea
of a holographic bulk interpretation of these structures.
2.6 The ergodic sector of the EFT and its topological expansion
In most holographic applications to date, one is interested in systems which have an ergodic
limit (i.e. not many-body localized) and in this work in particular, we are interested in the
universal behavior of the ergodic limit.
Saddle points and Weyl symmetry
Let us thus take a closer look at the EFT in its ergodic phase, i.e. the integral Eq. (2.18), starting
at first in the case s & 1 of energy splittings exceeding the level spacing. In this case, the integral
will be dominated by small fluctuations around its stationary points, Q¯ where the latter are
identified by stationarity under variations, δS[Q¯] = 0. Using the representation Eq. (2.14), it is
straightforward to verify that the stationarity condition is equivalent to [Q¯, zˆ] = 0, or matrix-
diagonality of Q¯. A somewhat closer analysis shows that of the four saddle points compatible
with the unit-modularity of the eigenvalues spec(Q) = {1, 1,−1,−1} only two are compatible
with the manifold structure.
To understand this in an intuitive way, we recall that the commuting variables contained
in Q parameterize H2 × S2, the product of a (non-compact) hyperboloid and a (compact)
two sphere. We can conveniently parametrize the compact sector Qff = T ffτ3T
ff−1 = niτi
in terms of the unit vector, n. Then the two saddle point are the standard saddle, Q0 =
bdiag(τ3, τ3), and the Altshuler-Andreev saddle [22] QAA ≡ diag(τbb3 ,−τff3 ). In terms of the
previously defined unit vector, we see that the standard saddle is located at the north pole of
the sphere n = (0, 0, 1) and the Altshuler-Andreev saddle is at the south pole, n = (0, 0,−1).
Noting that the spectral probes of interest, (2.8), are computed in the particular configuration
Re z1 = −Re z2 = Re z3 = −Re z4 = −ω/2, we obtain the corresponding actions as S[Q0] = 0
and S[QAA] = −2is, respectively.
Finally, notice that the map Q0 → TWQ0T−1W ≡ QAA permuting diagonal matrix elements is
an element of the Weyl group of the underlying supergroup structure. The above operation is
equivalently described by a transformation of energy arguments, T−1W zˆTW ≡ zˆ′, which permutes
z1 ↔ z2, an exchange introduced in connection with (2.10) as a Weyl symmetry of the spectral
determinant. Writing the Weyl symmetry transformation as
str(QAAzˆ) = str(Q0zˆ
′) , (2.19)
we can see that the Weyl exchange of the energy arguments transforms the stationary configura-
tion from the standard to the AA saddle. This raises the possibility that one can ‘bootstrap’ the
non-perturbative content of the Altshuler-Andreev saddle, by using the Weyl group transfor-
mation on the theory written around the standard saddle. Indeed, in connection with periodic
orbit theory [23] permutations of energies in the spectral determinant have been applied to
access non-perturbative information from perturbative orbit expansions. (See remarks below
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Eq. (2.26) for the connection of this operation to the Riemann-Siegel lookalike hypothesis [24]
for the extension of semiclassical analysis.)
In the following we take a closer look at the contribution of these two stationary points to
spectral correlation function sand their interpretation in a holographic bulk language.
Perturbative contributions: wormholes and baby universes
Before delving into the bulk story in section 4, let us explain qualitatively how the formal-
ism naturally produces correlations of the type associated with Euclidean wormholes. As is
well known from the study of low-energy QCD — or indeed any other context where pseudo-
Goldstone bosons dominate the physics — the physical manifestation of the coset are the
Goldstone modes (aka pions) associated to the generators of the broken symmetry. Let us
schematically write
T = exp(W ), W =
(
B
B˜
)
, (2.20)
where W is the matrix of pion fields, expanded in the broken generators B and B˜, which
individually are (1|1) supermatrices. To leading order in these generators, the action takes
the form S[B, B˜] = −2is str
(
BB˜
)
, where for the time being we expand around the ‘standard
saddle’. We have written the exponent to leading (quadratic) order only, which is justified by
the EFT logic and which we will correct systematically. Expanding around this quadratic limit,
we are led to consider matrix integral averages of the type
〈. . . 〉 ≡
ˆ
d(B, B˜) e−2is str(BB˜)(. . . ) , (2.21)
where the operator insertions are similarly built up from the B, B˜ matrices. Specifically, in
the computation of the two-point function at leading order we are instructed to compute the
expectation value 〈str(BB˜P f)str(B˜BP f)〉, where the matrices P f = {δσ,fδσ′,f} project onto the
Grassmann sector. The matrices B and B˜ each have one index acting in the retarded sector
and one index acting in the advanced sector, and the order of multiplication in the preceding
expectation value effectively projects once on the advanced (red) and once on the retarded
sector (blue), as required by the prescription in (2.8). We may then represent the matrices
B, B˜ using double line notation, the Wick contraction of these matrices with the Gaussian
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weight Eq. (2.21) can be represented as
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where the marked (red) points are the insertions of the projectors, which appear on the bound-
aries of the cylindrical surface, as indicated. (Readers interested in a more microscopically
resolved interpretation of the above correspondence are invited to read Appendix A.) By view-
ing the matrix contractions as defining a Riemann surface via their ribbon graph, one quickly
convinces oneself that the Wick contraction as shown gives rise to an annulus (or cylinder)
type contribution. These are associated with Euclidean wormhole type geometries in the
bulk [4, 25–27], as we will demonstrate directly in Section 4 below. In this way our formal-
ism automatically produces connected correlations between different determinants, preventing
their expectation values from factorizing. The two Wick contractions give one factor of s−1
each, resulting in a total contribution ∼ s−2. Fourier transformed into the time domain, this
gives precisely the linear in time behavior characteristic of the ramp. It has often been pointed
out (see e.g. [28]) that the ramp physics is intrinsically non-perturbative, which is seen from
our perspective from the fact that s−2 ∼ e−2S. The sigma-model approach transforms such –
in principle –non-perturbative contributions into a simpler perturbative expansion (around the
standard saddle).
However, as should be clear from the relation Q = eW τ3e
−W this is but the leading order
contribution in the expansion, and we now move on to higher-order examples. The next simplest
diagram comes from including in the action the term proportional to str(BB˜)2 in the expansion
of Q, which gives us a contribution
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To avoid clutter, we have not shown the Wick contraction which, however, is reflected in the
16
structure of the ribbon graph itself. We note that this contribution can only appear in a theory
that has time reversal invariance, for example in the GOE symmetry class, which allows un-
oriented ribbon graphs. The reader may convince herself that there is in fact no consistent
set of arrows that can be drawn on the two closed loops of the ribbon graph above, so that
each each is always anti-parallel to its neighboring edge (again, we refer to Appendix A for
a more microscopically resolved discussion of this point.) Correspondingly, the bulk surface
is non-orientable which is achieved by the crosscap insertion, as realized in bulk language
in [25]. Finally, by expanding to yet higher order in the B, B˜ matrices, we can find higher-
genus contributions, the first non-trivial one coming from expanding to order str((BB˜)4). This
adds one handle as in
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(2.24)
In the unitary class, it actually turns out that a further genus-one contraction exists, which
cancels precisely against the one shown here, but in other symmetry classes diagrams like the
one above give non-vanishing contributions. Since the translation between ribbon graph and
surface by eye can become a little complicated, one can proceed more abstractly. By tracing
the loops of this diagram one sees that it is indeed orientable and that it has F = 2 faces, V = 2
vertices and P = 4 propagators, meaning that it has a single handle H = 1. This follows directly
from the classic formula in toplogy F − P + V = 2 − 2H. The marked points corresponding
to the P± projectors are again interpreted as brane boundaries. The bulk interpretation is a
spacetime with two boundaries and non-trivial topology, i.e. a case where a baby universe has
split off and re-fused in an intermediate channel.
The full perturbative expansion of the EFT proceeds by including higher and higher terms
in the expansion of Q in terms of the B matrices. This results in successively higher-genus sur-
faces, each with two holes. The number of such holes is fixed two two, since we are computing
a spectral two-point function. It should be clear how this generalizes to higher-point functions.
Note that the mathematical structure necessary for a connected correlator between different
spectral determinants is a robust consequence of the symmetry-breaking scenario and its asso-
ciated Goldstone physics. Notably this also gives a well-defined meaning to such correlations
in a theory with fixed chaotic Hamiltonian and gives legitimacy to the appearance of Euclidean
bulk wormholes in such cases.
Finally we should note that the expansion here has some similarity with the topological
expansions of the JT matrix model [4] or indeed that of the older matrix models [3]. We will
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have more to say about this in Section 4.
2.6.1 Non-perturbative structure: second saddle and symmetry restoration
A major advantage of the EFT approach is that it provides access to the long time asymptotics
of spectral correlations: for s . 1, corresponding to energies ω < ∆ or times t > tH , the above
perturbative expansion breaks down. Instead, the spectral correlation functions now probe the
full Goldstone mode manifold. One may thus interpret the exploration of the full manifold in
terms of the restoration of the causal symmetry. This symmetry restoration is natural from our
earlier intuitive picture of the breaking of this symmetry: the symmetry breaking was reflected
by the replacement of a discrete pole structure by a continuous cut at the level of the mean-field
theory. However, once we probe finer structures ω . ∆, the theory is capable of reproducing
the fact that the spectra of individual systems are discrete, and must therefore undo the effects
of the symmetry breaking. It does so by allowing the Goldstone modes to explore the full coset
space (see Fig. 1 for an illustration.)
Technically, the Goldstone mode matrix integrals Eq. (2.18) are simple enough to be doable
in closed form for all symmetry classes [29]. However, for the present purposes it is not necessary
to delve into the technicalities of these computations, a stationary phase analysis extended for
the presence of the Altshuler-Andreev saddle, QAA, defined in the beginning of the section
suffices for the present purposes. Referring the Reader to section 3 for the technical fine print,
a repetition of the perturbative expansion, now around QAA gives rise to the full structure
es⇥0
<latexit sha1_base64="c67CmwWoq+KVUbA 8JnDEHpSKEjY=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPatGy2k3bpZ hN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmj jVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjfzvzWI2gjYvWAkwT8iA2VCAVnaKUe9DLTRRGBoe6 U9ssVt+rOQVeJl5MKyVHvl7+6g5inESjkkhnT8dwE/YxpFFzCtNRNDSSMj9kQOpYqZhf52fz qKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zOimG134mVJIiKL5YFKaSYkxnEdCB0MBR TixhXAt7K+UjphlHG1TJhuAtv7xKmhdVz61695eV2k0eR5GckFNyTjxyRWrkjtRJg3CiyTN5J W/Ok/PivDsfi9aCk88ckz9wPn8A9BuSIg==</latexit><latexit sha1_base64="c67CmwWoq+KVUbA 8JnDEHpSKEjY=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPatGy2k3bpZ hN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmj jVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjfzvzWI2gjYvWAkwT8iA2VCAVnaKUe9DLTRRGBoe6 U9ssVt+rOQVeJl5MKyVHvl7+6g5inESjkkhnT8dwE/YxpFFzCtNRNDSSMj9kQOpYqZhf52fz qKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zOimG134mVJIiKL5YFKaSYkxnEdCB0MBR TixhXAt7K+UjphlHG1TJhuAtv7xKmhdVz61695eV2k0eR5GckFNyTjxyRWrkjtRJg3CiyTN5J W/Ok/PivDsfi9aCk88ckz9wPn8A9BuSIg==</latexit><latexit sha1_base64="c67CmwWoq+KVUbA 8JnDEHpSKEjY=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPatGy2k3bpZ hN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmj jVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjfzvzWI2gjYvWAkwT8iA2VCAVnaKUe9DLTRRGBoe6 U9ssVt+rOQVeJl5MKyVHvl7+6g5inESjkkhnT8dwE/YxpFFzCtNRNDSSMj9kQOpYqZhf52fz qKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zOimG134mVJIiKL5YFKaSYkxnEdCB0MBR TixhXAt7K+UjphlHG1TJhuAtv7xKmhdVz61695eV2k0eR5GckFNyTjxyRWrkjtRJg3CiyTN5J W/Ok/PivDsfi9aCk88ckz9wPn8A9BuSIg==</latexit><latexit sha1_base64="c67CmwWoq+KVUbA 8JnDEHpSKEjY=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPatGy2k3bpZ hN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmj jVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjfzvzWI2gjYvWAkwT8iA2VCAVnaKUe9DLTRRGBoe6 U9ssVt+rOQVeJl5MKyVHvl7+6g5inESjkkhnT8dwE/YxpFFzCtNRNDSSMj9kQOpYqZhf52fz qKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zOimG134mVJIiKL5YFKaSYkxnEdCB0MBR TixhXAt7K+UjphlHG1TJhuAtv7xKmhdVz61695eV2k0eR5GckFNyTjxyRWrkjtRJg3CiyTN5J W/Ok/PivDsfi9aCk88ckz9wPn8A9BuSIg==</latexit>
 
<latexit sha1_base64="LVLgpzMhViN sEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wF tKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbO bmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByN/e7T6g0T+Sjm aboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51Q ZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUurjEiYKFvSkIX6eyKnsdbTOLCdMTVjverN xf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10r mqe27de7iuNppFHCU4hwuogQc30IB7aEEbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP 5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViN sEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wF tKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbO bmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByN/e7T6g0T+Sjm aboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51Q ZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUurjEiYKFvSkIX6eyKnsdbTOLCdMTVjverN xf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10r mqe27de7iuNppFHCU4hwuogQc30IB7aEEbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP 5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViN sEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wF tKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbO bmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByN/e7T6g0T+Sjm aboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51Q ZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUurjEiYKFvSkIX6eyKnsdbTOLCdMTVjverN xf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10r mqe27de7iuNppFHCU4hwuogQc30IB7aEEbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP 5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViN sEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wF tKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbO bmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByN/e7T6g0T+Sjm aboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51Q ZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUurjEiYKFvSkIX6eyKnsdbTOLCdMTVjverN xf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10r mqe27de7iuNppFHCU4hwuogQc30IB7aEEbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP 5A7y0jyk=</latexit>
s 2
<latexit sha1_base64="7I5UWb+0iX95tFegw7vfY IQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/j zX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa 4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05V SwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vi hKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7 hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfY IQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/j zX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa 4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05V SwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vi hKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7 hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfY IQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/j zX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa 4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05V SwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vi hKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7 hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfY IQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/j zX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa 4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05V SwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vi hKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7 hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit> s 4
<latexit sha1_base64="wF6pf9c0Tg7PmKYITILqNsZcbX4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHY loMegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc1zUN2Xp30SmW/4s+A lkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNC8qgV8J7 qrl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8ATZ7juA=</latexit><latexit sha1_base64="wF6pf9c0Tg7PmKYITILqNsZcbX4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHY loMegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc1zUN2Xp30SmW/4s+A lkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNC8qgV8J7 qrl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8ATZ7juA=</latexit><latexit sha1_base64="wF6pf9c0Tg7PmKYITILqNsZcbX4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHY loMegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc1zUN2Xp30SmW/4s+A lkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNC8qgV8J7 qrl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8ATZ7juA=</latexit><latexit sha1_base64="wF6pf9c0Tg7PmKYITILqNsZcbX4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBC8GHY loMegF48RzAOSNcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LejhMaCjyQLGYEWyc1zUN2Xp30SmW/4s+A lkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNC8qgV8J7 qrl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8ATZ7juA=</latexit>
+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gdz O//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe +BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gdz O//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe +BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gdz O//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe +BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gdz O//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe +BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>
+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbq b+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/ 87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit ><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbq b+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/ 87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit ><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbq b+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/ 87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit ><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur 1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbq b+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/ 87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit >
⌘
<latexit sha1_base64="yRpxS7KKnQf3vnSQCv dxMxgI0fo=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIugl7Irgh5LvXisYD+gXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI 1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV6dD/VFv1zxqt4ceJX4OalAjka//NUbKJ rGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvGZUwY4UtqVtHiu/p7ISGzMJA5dZ0zsy Cx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVn2v6t9f VWr1PI4inMApnIMP11CDO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBwQQjr8=</latexit><latexit sha1_base64="yRpxS7KKnQf3vnSQCv dxMxgI0fo=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIugl7Irgh5LvXisYD+gXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI 1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV6dD/VFv1zxqt4ceJX4OalAjka//NUbKJ rGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvGZUwY4UtqVtHiu/p7ISGzMJA5dZ0zsy Cx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVn2v6t9f VWr1PI4inMApnIMP11CDO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBwQQjr8=</latexit><latexit sha1_base64="yRpxS7KKnQf3vnSQCv dxMxgI0fo=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIugl7Irgh5LvXisYD+gXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI 1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV6dD/VFv1zxqt4ceJX4OalAjka//NUbKJ rGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvGZUwY4UtqVtHiu/p7ISGzMJA5dZ0zsy Cx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVn2v6t9f VWr1PI4inMApnIMP11CDO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBwQQjr8=</latexit><latexit sha1_base64="yRpxS7KKnQf3vnSQCv dxMxgI0fo=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIugl7Irgh5LvXisYD+gXUo2zbax2WRJskJZ+h+ 8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI 1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrV6dD/VFv1zxqt4ceJX4OalAjka//NUbKJ rGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvGZUwY4UtqVtHiu/p7ISGzMJA5dZ0zsy Cx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVn2v6t9f VWr1PI4inMApnIMP11CDO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBwQQjr8=</latexit>
+e2is
<latexit sha1_base64="QMAGNdhntndTStk RWD3xXKVj2XY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ie0sWy2k3bpb hJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqe NUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI7uzThBX9JBxEPOqLHSwznBx6zK9aR XKrsVdwayTLyclCFHvVf66vZjlkqMDBNU647nJsbPqDKcCZwUu6nGhLIRHWDH0ohK1H42O3h CTq3SJ2GsbEWGzNTfExmVWo9lYDslNUO96E3F/7xOasIrP+NRkhqM2HxRmApiYjL9nvS5QmbE 2BLKFLe3EjakijJjMyraELzFl5dJs1rx3Ip3d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo 5wX5935mLeuOPnMEfyB8/kDDI6P6A==</latexit><latexit sha1_base64="QMAGNdhntndTStk RWD3xXKVj2XY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ie0sWy2k3bpb hJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqe NUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI7uzThBX9JBxEPOqLHSwznBx6zK9aR XKrsVdwayTLyclCFHvVf66vZjlkqMDBNU647nJsbPqDKcCZwUu6nGhLIRHWDH0ohK1H42O3h CTq3SJ2GsbEWGzNTfExmVWo9lYDslNUO96E3F/7xOasIrP+NRkhqM2HxRmApiYjL9nvS5QmbE 2BLKFLe3EjakijJjMyraELzFl5dJs1rx3Ip3d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo 5wX5935mLeuOPnMEfyB8/kDDI6P6A==</latexit><latexit sha1_base64="QMAGNdhntndTStk RWD3xXKVj2XY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ie0sWy2k3bpb hJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqe NUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI7uzThBX9JBxEPOqLHSwznBx6zK9aR XKrsVdwayTLyclCFHvVf66vZjlkqMDBNU647nJsbPqDKcCZwUu6nGhLIRHWDH0ohK1H42O3h CTq3SJ2GsbEWGzNTfExmVWo9lYDslNUO96E3F/7xOasIrP+NRkhqM2HxRmApiYjL9nvS5QmbE 2BLKFLe3EjakijJjMyraELzFl5dJs1rx3Ip3d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo 5wX5935mLeuOPnMEfyB8/kDDI6P6A==</latexit><latexit sha1_base64="QMAGNdhntndTStk RWD3xXKVj2XY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmKoMeiF48V7Ie0sWy2k3bpb hJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqe NUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI7uzThBX9JBxEPOqLHSwznBx6zK9aR XKrsVdwayTLyclCFHvVf66vZjlkqMDBNU647nJsbPqDKcCZwUu6nGhLIRHWDH0ohK1H42O3h CTq3SJ2GsbEWGzNTfExmVWo9lYDslNUO96E3F/7xOasIrP+NRkhqM2HxRmApiYjL9nvS5QmbE 2BLKFLe3EjakijJjMyraELzFl5dJs1rx3Ip3d1GuXedxFOAYTuAMPLiEGtxCHRrAQMIzvMKbo 5wX5935mLeuOPnMEfyB8/kDDI6P6A==</latexit>
 
<latexit sha1_base64="LVLgpzMhViNsEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8 NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wFtKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4 BLbhhuBvVQhjQOB3WByN/e7T6g0T+SjmaboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51QZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUur jEiYKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10rmqe27de7iuNppFHCU4hwuogQc30IB7aE EbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViNsEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8 NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wFtKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4 BLbhhuBvVQhjQOB3WByN/e7T6g0T+SjmaboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51QZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUur jEiYKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10rmqe27de7iuNppFHCU4hwuogQc30IB7aE EbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViNsEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8 NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wFtKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4 BLbhhuBvVQhjQOB3WByN/e7T6g0T+SjmaboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51QZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUur jEiYKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10rmqe27de7iuNppFHCU4hwuogQc30IB7aE EbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP5A7y0jyk=</latexit><latexit sha1_base64="LVLgpzMhViNsEEYcAczGLaPQ+Sc=">AAAB7nicbVBNS8 NAEJ34WetX1aOXxSL0VBIR9FjqxWMF+wFtKJvtJF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4 BLbhhuBvVQhjQOB3WByN/e7T6g0T+SjmaboxzSSPOSMGit1B00eRaI2rFTdursAWSdeQapQoDWsfA1GCctilIYJqnXfc1Pj51QZzgTOyoNMY0rZhEbYt1TSGLWfL86dkUur jEiYKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmbCWz/nMs0MSrZcFGaCmITMfycjrpAZMbWEMsXtrYSNqaLM2ITKNgRv9eV10rmqe27de7iuNppFHCU4hwuogQc30IB7aE EbGEzgGV7hzUmdF+fd+Vi2bjjFzBn8gfP5A7y0jyk=</latexit>
s 2
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, (2.25)
where for simplicity we included orientable diagrams/surfaces only. In the semiclassically exact
unitary class, the expansion truncates after the first contributions, and we obtain the spectral
two point function as
R2(s) = −Re 1
2s2
(1− e−2is) = −sin
2 s
s2
. (2.26)
As the above graphical representation suggests (see also Figure 1 for a description in terms
of the target space geometry of the sigma model), the perturbative expansions around the
two saddle points differ quantitatively, however they are organised in terms of topologically
equivalent surfaces, which we indicate by the primes after each contribution around the AA
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saddle. In summary then, the late-time behavior of chaotic quantum systems can understood
semiclassically as an expansion around two saddles, with the perturbative series around each
saddle organised into a topological series that can be interpreted as ‘wormhole’ and ‘baby-
universe’ type contributions.
We will elaborate on this connection to bulk physics in Section 4 below, where we identify
two-dimensional and three-dimensional bulk spacetimes corresponding to the universal 1/s2
singular diagram around the standard saddle above. It would be natural to interpret this as a
holographic version of the periodic-orbit interpretation of spectral rigidity in quantum chaotic
systems (see for example the book [30]).
In view of this relatively straightforward semiclassical interpretation of the expansion around
the standard saddle, Q0, one may ask if the expansion around the Altshuler-Andreev saddle,
QAA, has a similar semiclassical interpretation, as well. This is particularly compelling in light
of the fact that we can map one saddle-point contribution to the other using the Weyl sym-
metry as explained. The question is then, whether the topological expansion in s−1 can also
be interpreted term by term in terms of something like semiclassical orbits (and by extension,
semiclassical bulk configurations). The answer is cautiously affirmative, although that inter-
pretation is less well established and makes use of the so-called Riemann-Siegel lookalike [24]:
First note that the semiclassical expansion in s−1 is an asymptotic one. Its divergence for
small s reflects the exponentially growing number of long loops contributing to the trace of the
resolvent, W (z). On the other hand, the sum is the semiclassical approximation to something
finite, the density of states, or the determinant of a random operator. Inspection of Eq. (2.26),
and in particular of the negative sign multiplying the contribution from the AA saddle suggest
an interpretation of orbits ‘subtracted’ from the full contents of these quantities (whatever that
might be). These vague remarks can be made much more rigorous for certain proxies of chaotic
systems such as L dimensional random unitary matrices, U [31]. In this case, the role of the
spectral determinants is taken by det(1− zU). These determinants are L-dimensional polyno-
mials in z, where the secular coefficients, An, afford a representation as polynomials in tr(U
l),
l ≤ n, (the unitary analog of closed loops of length l.) Now, unitarity requires An = A¯N−nAN .
This key formula states that the contents of short orbits 0 < n ≤ N/2 determines that of the
longest orbits, N/2 ≤ n ≤ N . Using this formula, and the aforementioned Weyl symmetry
of the spectral determinant, the full spectral form factor of unitary random maps becomes
accessible via perturbative expansion. Similar unitarity principles should apply to more com-
plex chaotic systems and determine their non-perturbative spectral correlations. However, the
mathematically sound implementation of these principles remains to be spelled out in practise.
3 EFT for matrix models
In this section, we discuss the EFT approach in the context of matrix models of arbitrary
potential. Matrix models provide a valuable class of examples where the effective field theory
of late-time chaos can be derived from first principles, serving as an explicit arena in which
to illustrate each of the steps in Section 2.5 in full detail. At the same time, they represent
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Figure 1: The generic late-time behavior described by the effective theory of quantum chaos.
The top line shows the ramp and plateau behavior of a simple observable – the spectral form
factor K(τ) – and the bottom line shows how the different qualitative regimes are obtained in
the sigma model. The ramp behavior is initially well described by small perturbative corrections
around the standard saddle (the north pole of the sphere in the sigma model geometry H2×S2).
In this phase causal symmetry is spontaneously broken. Around the Heisenberg time τ = 1,
one must also include the non-perturbative contributions of the second saddle, as described in
(2.25). At very late times the system explores the full Goldstone manifold H2 × S2 and the
causal symmetry is restored.
duals to bulk theories [3, 4, 32], indicating that the symmetry breaking mechanism central to
the present approach, too, has manifestations in the bulk. Before addressing this perspective
in section 4, the two main goals of this section are 1) to explain in technical detail some of
the steps in treating the Q-matrix theory and 2) to establish a set of examples in which the
EFT of quantum chaos can be derived explicitly in order to gain some more intuition about its
structure. In doing so we show in generality how to go from the L×L ‘color-matrix’ description
of the model to the graded flavor representation, where the rank of the matrix is O(1). (As
we are solely mapping a high dimensional matrix integral to a single low dimensional one, the
terminology ‘field theory’ may be a misnomer in the present setting. However, in view of the
fact that the flavor integrals discussed here approximate higher dimensional field theories in
the ergodic limit we keep using it.)
3.1 Invariant matrix models
An (invariant) matrix model is defined by a an ensemble of L×L random matrix Hamiltonians
H = {Hµν} governed by a probability distribution P (H)dH = exp(−V (H))dH, where V (H) =
V (U †HU) is a unitarily invariant scalar function, and dH a flat measure (possibly constrained
to subsets of the hermitian matrices in cases where H carries symmetries besides hermiticity).
Assuming that V (H) = tr(F (H)) is expressed via the trace of a matrix function, we note the
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additional symmetry V (H) = V (HT ) which we will use later in our construction.
Once again we focus on the spectral determinant (2.8), now averaged over the invariant
distribution. We will demonstrate that this quantity can be exactly rewritten as a reduced
integral over graded matrices, A, of much lower dimension 4 = 2× 2 . Here, one factor of two
accounts for the different causality ± of the Green functions, and the second reflects the Z2
grading, i.e. the presence of commuting and anticommuting variables in A required to generate
determinants in the denominator and numerator, respectively. The A-matrix integral is form
equivalent to the H-integral in that the integration is over the same distribution P (A)dA =
exp(−V (A))dA and a structurally identical integrand. However, it is much easier to handle,
especially when it comes to the description of correlations at ‘microscopic’ scales of the order
of the level spacing.
3.2 Construction of the theory
As explained in section 2.5 above, our starting point is the Gaussian integral representation,
Eq. (2.11), of the spectral determinant Eq. (2.8), now integrated over the invariant ensemble
〈Z(zˆ)〉 =
ˆ
dH
ˆ
d(ψ¯, ψ) e−V (H)+iψ¯(zˆ−H)ψ . (3.1)
Let us write ψ = (φ+, φ−, η+, η−)T , ψ¯ = (φ¯+,−φ¯−, η¯+, η¯−), so that φ± denote c-number integra-
tion variables, φ¯− their conjugates (note the minus sign in front of φ¯− required by convergence),
η±, η¯± are independent Grassmann variables, and we have made the H-average explicit. We
arrange the energies as a matrix,
zˆ = E + ωˆ + iδτ3, ωˆ = diag(ω1, ω2, ω3, ω4), (3.2)
where the energy arguments have been split into E14×4, and the matrix of energy differences
ω, and we assume
∑
i ωi = 0 without loss of generality. The integral above is set up such
that integration over the commuting (anti-commuting) variables produces the determinants
in the denominator (numerator) entering the spectral determinant. Note that the integration
vectors ψ = {ψaµ} and ψ¯ = {ψ¯aµ} live in a tensor product space, HC ⊗ HF, where HC is the
L-dimensional ‘color’ representation space of the Hamiltonian and HF the four dimensional
graded ‘flavor’ space of ψ’s internal degrees of freedom. Defined in this way, ψ carries two
natural group representations. The first is a unitary representation,
ψ → Uψ, where U = {Uµν} ∈ U(L) (3.3)
Due to the invariance of the distribution, P (H)dH = P (UHU−1)dH, this defines an exact
symmetry of the integral (3.1). The second is a representation under graded flavor matrices,
ψ → Tψ , ψ¯ → ψ¯T−1 , T = {T ab} ∈ GL(2|2) . (3.4)
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Invariance under this transformation is weakly broken by differences between the frequency
arguments, ωi, and infinitesimally by the causal increment, iδ. We will see that these two
symmetries and their fate under H-averaging essentially determine the matrix integral.
3.2.1 The color flavor map
To prepare the average over P (H), we define the two matrix structures,
Ξ ≡ ψ¯ψ = {ψ¯aµψaν}, Π ≡ ψψ¯ = {ψaµψ¯bµ}, (3.5)
where the first is an L×L color matrix transforming as a flavor singlet, and the second a 4× 4
graded flavor matrix transforming as a color singlet. The H-dependent term in the integrand
can be written in the form ψ¯Hψ = trc(H
TΞ), and the average over H yields〈
eiψ¯Hψ
〉
H
=
〈
ei tr(H
TΞ)
〉
H
=
〈
ei tr(HΞ)
〉
H
≡ G(Ξ), (3.6)
where in the third equality we used the invariance of the distribution under H → HT , and in
the final one defined G(Ξ) as the generating function of the distribution P (H). For the purposes
of the present construction, there is no need to know the function G explicitly. However, the
above mentioned unitary invariance (3.3) implies G(U−1ΞU) = G(Ξ). In symbolic notation, we
assume this invariance condition to be realized as G(Ξ) = G([trc(Ξ
n)]m), i.e. via dependence
of G on arbitrary powers of traces of powers of Ξ. The key relation now coming into play is
trc(Ξ
n) = strf(Π
n). (3.7)
The identity is proven by the cyclic exchanges of the ψaµ fields in writing out the color trace
explicitly.
As a consequence of this relation, we have G(Ξ) = G(Π), where in a slight abuse of notation
we denote the function G(Π) = G([strf(Π
n)]m) by the same symbol, G. We may now pass back
from the generating function to a distribution as
G(∆) ≡ 〈ei strf(AΠ)〉
A
where we introduce the average
〈. . . 〉A =
ˆ
dAP (A)(. . . ) , (3.8)
over the four-dimensional graded matrix, A with respect to the flat measure dA, meaning an
independent integration over all commuting and anticommuting variables. Here, P (A) is the
flavor matrix distribution defined by the generating function G(Π). Since G did not change its
form in passing from Ξ to Π, the same it true for the distribution P in passing from H to A.
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Note that for the simple example of a Gaussian matrix ensemble,
V (H) =
L
g2
tr(H2), (3.9)
the equivalence
can be verified by elementary manipulation of Gaussian integrals. Substituting the result
back into the starting expression, we obtain
〈Z(zˆ)〉 =
ˆ
dA
ˆ
d(ψ¯, ψ)e−V (A)+iψ¯(z−A)ψ, (3.10)
an expression identical to Eq. (3.2), except that the integral over the L× L Hamiltonian H is
replaced by one over the much smaller flavor matrix A. The advantage of these manipulations
become obvious once we integrate over ψ
〈Z(zˆ)〉 = 〈sdet(zˆ − A)L〉
A
=
〈
e−L str ln(zˆ−A)
〉
A
, (3.11)
to obtain a (super-)determinant6 raised to the L-th power due to fact that the integrand is a
singlet with respect to its Hilbert-space indices. Making the averaging procedure explicit, we
obtain a dual representation of the integral
〈Z(zˆ)〉 =
ˆ
dA e−V (A)−Lstr ln(z−A), (3.12)
now formulated in terms of the low dimensional flavor matrices. From now on, most traces will
be over flavor space, and we omit the corresponding subscript.
Building on this representation, we may now retrace the individual steps outlined in section
2.5, notably the GL(2|2) symmetry, and its spontaneous broking down to GL(1|1)×GL(1|1).
We will go quickly through the derivation of the EFT building on this symmetry breaking
scenario, but emphasize certain technical details that were left out in the more conceptual
treatment above.
3.2.2 Deriving the effective sigma model
The presence of the large pre-factor L in the exponent motivates a stationary phase analysis of
the integral. Variation of the action yields the saddle point equation
δAS(A¯) = V
′(A¯)− L 1
zˆ − A¯ = 0. (3.13)
6The super-determinant of a graded matrices is defined as sdet ( a ρτ b ) = det a/det(d− τa−1ρ).
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To get the spectral density, we differentiate the spectral determinant once in energy to obtain,
−∂ω1
∣∣
ω=0
〈Z(zˆ)〉 =
〈
trc
(
1
E+ −H
)〉
H
'
(
N
E + iδτ3 − A¯
)
11
, (3.14)
where in the second line we have evaluated the expression at the stationary point. The ap-
proximate equality sign indicates that the relations holds up to 1/L corrections. Accordingly,
the average resolvent is straightforwardly obtained by solving the stationary phase equation
at ω = 0. Specifically, the average spectral density, ρ(E), follows from taking the imaginary
part of (3.14) evaluated at the saddle point. To illustrate this point, consider the case of the
Gaussian matrix potential, V (A) = L
g2
tr(A2), for which the variational equation at ω = 0 takes
the form
g2A¯− (E + iδτ3 − A¯)−1 = 0 .
Reflecting the rotational symmetry of the action, this equation affords solution in terms of
diagonal matrices A¯. It is a quadratic equation, individually for each of the diagonal matrix
elements, and we need to pick one of two solutions — this is where the spontaneous symmetry
breaking happens. Specifically, for |E| < 2g, we have the solutions A¯(E) = E/2 ± iγ(E), and
the ‘natural’ of these is
A¯(E) =
E
2
+ iγ(E)τ3, where γ(E) =
√
g2 −
(
E
2
)2
. (3.15)
Physically, this solution is natural in that the sign of the imaginary part iγ is dictated by
the infinitesimal iδ. We interpret this as shifting of a pole into the complex plane reflecting
the smearing of a discrete pole structure into a cut at mean field level7. Substitution of this
variational solution into Eq. (2.9) leads to the famous semicircular density of states
ρ(E) = − 1
pi
Im trc(G
+(E)) =
L
pig
(
1−
(
E
2g
)2)1/2
. (3.16)
7In the bosonic sector of indices diagonal indices |a| = 1, this sign choice actually is obligatory. The reason
is that the saddle points with their finite imaginary part must be reached by deformation of the real integration
contours defined by the eigenvalues of the Hermitian integration variables Aab, |a| = |b| = 1. Under the
logarithm, these variables appear infinitesimally shifted into the upper/lower complex half plane, depending
on the sign ±iδ. Reaching the ‘wrong’ saddle points would require passage through the cut of the logarithm
and cause a a divergence in the integral. (This is best seen in the representation, exp(− ln(E ± iδ + x)) =
1/(E ± iδ + x).) In the fermionic sector, no such problem exists, and either saddle point is reachable.
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Returning to the case of an arbitrary invariant potential, suppose that a solution to the saddle-
point equation of the form
A¯(E) ≡ (E) + iγ(E)τ3 (3.17)
with real , γ has been found. We then build on the spontaneous breaking of the causal sym-
metry breaking reflected by the ±γ(E) term, and turn to step 3 in constructing the EFT which
instructs us to define the matrix Q
A¯→ TA¯T−1 ≡ (E) + iγ(E)Q, Q ≡ Tτ3T−1 , (3.18)
parametrizing the Goldstone manifold (2.13) of stationary solutions, where T has been defined
in (2.14). Moving along the general program we can now write down the effective action using
this object.
Symmetry breaking and effective action: we begin with the substitution of Eq. (3.18) into the
action of Eq. (3.12). The GL(2|2) invariance of the potential term, V (A) = V (TAT−1), implies
the decoupling of the former from the Goldstone mode integral. (This is an elegant way of
seeing why the singular Goldstone mode fluctuations are oblivious of the detailed form of the
invariant distribution. Their job solely is to determine the average spectral density via the
above γ(E).) The action thus reduces to
S[Q] = L str ln
(
E˜ + zˆ + iγQ
)
,
where we redefined zˆ → zˆ − E to single out the symmetry breaking parameters and absorbed
the real part of the stationary point solution into a redefined energy parameter E˜ = E − (E).
Using the cyclic invariance of the trace, S[Q] = Lstr ln
(
E˜ + T−1zˆT + iγτ3
)
, we couple the
Goldstone mode fluctuations to the explicit symmetry breaking, z. In a final step, we expand
to first order in z/γ and use the saddle point property (E˜+ iγτ3)
−1 = (E− A¯)−1 = ipi
L
ρτ3 + . . . ,
where (. . . ) are contributions proportional to the unit matrix to obtain the effective action
S[Q] = ipiρ str(zˆQ). (3.19)
It should come as no surprise that this coincides with the ergodic limit (2.17) of the EFT for
extended systems. We are now in a position to explore the physics of the Goldstone modes in
the setting of a model which does not contain any ‘spatially fluctuating’ modes. This goes over
the same physics as as visualized in 2.5 using ribbon graphs, but we wish to take the opportunity
here to give a careful derivation of all the prefactors and signs that we had previously glossed
over.
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3.3 The integral over the Goldstone manifold
In this section, we turn to the details of the Q-matrix integration over the identical actions
Eq. (3.19), or Eq. (2.17). Their equality implies that the results derived here equally apply to
the matrix model and to the physics of extended systems below their Thouless energy.
3.3.1 One-point functions: the spectral density
In general, the method of choice for doing the Q integration depends on both, the magnitude of
ω, and the specific observable to be computed, reflected in a judicious choice of the sources for
advanced and or retarded correlation functions. Note that in our previous treatment the source
structure was reflected in the way the projectors P± appeared in correlators such as (2.22).
In the following, we address three instances of interesting source insertions and ω-ranges, and
along the way compute the ramp-plateau profile of GUE spectral statistics.
The evaluation of the integral is particularly easy in cases where the integrand possesses a
fully unbroken supersymmetry, i.e. invariance under a supersubgroup GL(1|1). Under these
circumstances, a theorem due to Efetov and Wegner states that the integral collapses to its
value at the ‘coset origin’,8
ˆ
dQe−S[Q]
susy
= e−S[τ3]. (3.20)
As an example, consider the case of absent sources, and degenerate energy arguments zˆ = iδτ3.
In this case, the spectral determinants cancel out, and 〈Z(zˆ)〉 = 1. This is confirmed as〈Z(4)(0, 0, 0, 0)〉 = e−δpiρ str(τ3) = 1, (3.21)
where the action reads more explicitly str(τ3) := str(τ3 ⊗ 12×2) = 1, by supersymmetry. Differ-
entiating once with respect to sources, as in (3.14), confirms the identification of the prefactor
of the action as the density of states ρ, which can be evaluated as demonstrated in 3.2.2 above.
3.3.2 Perturbative spectral correlations: the ramp
We next apply the formalism to the computation of spectral fluctuations, as described by the
cumulative spectral two-point function (2.10). We rewrite (2.10) slightly, using the definition
8The rational behind this collapse is that in the case of a supersymmetry, we have a conflict of interests:
due to the invariance, the integrand does not depend on the Grassmann valued generators, η, of the symmetry,
and the integration
´
dη = 0 suggests a vanishing integral. On the other hand, it also does not depend on the
non-compact bosonic, x, variable of the symmetry subgroup, and the integral
´
dx =∞ suggests a divergence.
The solomonic resolution of the 0×∞ conflict is a collapse of the integral to configurations where all generators
vanish. For a pedestrian discussion of the details, we refer to Ref. [30].
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of the mean level spacing as
R2() = ∆
2
〈
ρ
(
E +

2
)
ρ
(
E − 
2
)〉
c
=
∆2
2pi2
Re
〈
tr(G+(E + 
2
) tr(G−(E − 
2
)
〉
c
, (3.22)
where we used that the connected average 〈G±G±〉c ≡ 〈G±G±〉− 〈G±〉〈G±〉 of Green functions
of coinciding causality vanishes. Inspection of the spectral determinants shows that the average
of Green functions in this expression is obtained as
R2() =
∆2
2pi2
Re ∂2ωf+,ωf− 〈Z(zˆ)〉c , (3.23)
where the derivative is evaluated at the configuration ω = 
2
τ3, and the subtraction of a
‘disconnected’ contribution to the functional integral, indicated by the subscript c, implements
the cumulative average. Doing the derivative in the representation (2.18), we arrive at the
representation
R2() = −1
2
Re
〈
str(Q(P+ ⊗ P f)) str(Q(P− ⊗ P f))〉
Q,c
,
〈. . . 〉Q ≡
ˆ
dQ e−i
s
2
str(Qτ3)(. . . ), (3.24)
where P s, (s = ±) projects on the advanced and retarded causal sector, respectively, while P f,b
project on the fermionic and bosonic sector, respectively, and we represented the action (after
source differentiation) in the dimensionless units Eq. (2.3). This is the matrix theory whose
topological expansion, ordered by powers of s, we discussed in Section 2.5. We now carry out
the integral explicitly, thus fixing the coefficients of each term in that expansion. In a first
step, we concentrate on large energy offsets,   ∆ or s  1. In this case, the action of the
matrix integral is strongly oscillatory, and Goldstone mode fluctuations are confined to small
neighborhoods ∼ s−1 of the stationary points on the saddle point manifold. These residual
fluctuations are conveniently described in an (exponential) parameterization,
Q = Tτ3T
−1, T = expW, W =
(
B
B˜
)
, (3.25)
where the block structure implements the anti-commutativity [W, τ3]+ of the generators with
the coset origin, and the 2× 2 super-matrices
B =
(
z µ
ν w
)
, B˜ =
(
z¯ ν¯
µ¯ −w¯
)
, (3.26)
contain the two complex commuting (z, w) and four Grassmann (µ, . . . , ν¯) integration variables
of the model, parametrizing the most general Goldstone fluctuation. As we stated earlier
in more general terms, we can see explicitly that in the bosonic sector, Bbb the variable z
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spans a hyperboloid with radial coordinate |z| and in the fermionic sector Bff the variable w
a sphere, Qff = niτi, with |n| = 1, where |w| = pi/2 represents a rotation from the north
pole, n = (0, 0, 1)T , to the south pole, n = (0, 0,−1)T , i.e. the transformation TW mapping
the standard onto the AA saddle. Let us now substitute an expansion to quadratic order in
fluctuations
Q = τ3(1− 2W + 2W 2 + . . . ),
into Eq. (3.24), we obtain up to quadratic order the expression,
R2() = −2 Re
〈
str(BB˜P f) str(B˜BP f)
〉
,
where the B-average is defined in Eq. (2.21), and the disconnected pure saddle point contribu-
tion, B = 0, does not contribute to the cumulative average. Note that we have now recovered
in detail the structure we had described in a more qualitative setting in Eqs. (2.22) – (2.24)
above. Doing the final Gaussian integral9, we obtain
R2(s) ' − 1
2s2
, (3.27)
corresponding to the ramp, K(τ) = τ , upon Fourier transformation to dimensionless time. The
strategy for refining this result beyond the leading order in the parameter s−1  1 is evident:
expansion of the action in the generators B leads to terms ∼ s str(BB˜)n, which after integration
contribute as s1−n. However, in the unitary symmetry class, it turns out that the prefactors of
all these contributions cancel out order-by-order in the s−1 expansion, and that (3.27) does not
change in perturbation theory.
3.3.3 Non-perturbative correlations: Weyl symmetry and the plateau
For s < 1, the stationary phase approach to the Goldstone mode is no longer parametrically
controlled. At the same time, the absence of perturbative corrections to the approximation
Eq. (3.27) hints at a ‘semiclassically exact’ integral. Heuristically, the underlying mechanism
can be understood by inspection of the fermionic sector of the theory: with Qff = niτi, the
action tr(Qff) = 2n3 is proportional to the height function n3 = cos(θ) on the sphere, and´
dQff an integration over the canonical measure. The integral thus affords an interpretation
as partition sum of a spin precessing in a fictitious magnetic field of strength s. This partition
sum is a classic example of the semiclassical exactness principle [33], and it turns out that this
feature carries over to its supersymmetric extension10.
9This can be done by brute force, or using the matrix version of Wick’s theorem, 〈str(BXB˜Y )〉 =
1
is str(X)str(Y ) , 〈str(BX)str(B˜Y )〉 = 1is str(XY ).
10 Recall that an integral is semiclassically exact if it assumes the form of a partition sum over an effective
Hamiltonian, all whose trajectories are periodic and have equal revolution time. Both conditions are met in the
present context: the Goldstone mode manifold is symplectic with ω ≡ str(QdQ∧dQ) as defining two form. The
integration extends over the symplectic measure, and the integrand contains the exponentiated Hamiltonian
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However, the semiclassical exactness principle requires us to account for all stationary points
of the integrand. We already mentioned the stationarity condition, [Q, τ3] = 0, which besides
by the standard saddle Q = Q0 = τ3 is solved by the AA saddle Q = TWQ0T
−1
W = τ3 ⊗ σbf3 ,
with stationary action S(QAA) = is str(τ3 ⊗ σbf3 ) = 2is. Referring for details of the Gaussian
integration around the AA saddle point to the original reference [34], we note that it produces
the same factor as in Eq. (3.27), but with inverted sign. Adding the two terms, we obtain the
full result Eq. (2.26). For completeness, we mention that the full Goldstone mode integrals
required to obtain the correlation functions in other ensembles are doable in closed form by
introducing coset space ‘polar coordinates’ and using the high degree of rotational invariance
of the action. For the technical details, interested readers are referred to to Ref. [29].
4 Causal symmetry breaking in the bulk
We will now describe the emergence of the sigma-model from bulk considerations. The main
ingredient to develop a bulk understanding is, once again, the determinant operator
det(E± −H) = eTr log(E±−H) (4.1)
This object should be thought of as inserting a D-brane in the bulk at position E (see for example
[35,36]), and we distinguish here between an advanced brane and a retarded brane, depending
on the sign of the (infinitesimal) imaginary part of the energy, as indicated. The Hermitian
matrix H – the Hamiltonian from the point of view of our discussion of quantum chaos above
– corresponds to the presence of an additional stack of D-branes, one for each dimension of the
many-body Hilbert space. One way to see this is by noting that the determinant operator can
be obtained as the exponential of the loop operator
W(E) = Tr log (E −H) , (4.2)
which acts to insert a boundary in an open string wordsheet with boundary condition such
that the string now ends on the ‘E-brane’. Upon exponentiating to form the determinant, the
ascending powers of the Tr logE −H insertion correspond to open string world sheets with an
increasing number of boundaries with the right combinatorics to count all possible ways the
string can end on the D-brane [35]. To summarise then, H is an L × L matrix corresponding
to the presence of a (large) stack of L D-branes, while E corresponds to the position of a
single additional “probe” D-brane. Given that these additional branes are added in order to
construct ratios of spectral determinants as in (2.8), we sometimes refer to these objects as
“spectral branes”. We will return to more concrete microscopic realizations of such objects
below in the context of minimal string theory, where we can take the L branes to be of ZZ type
H ≡ −is str(Qτ3). For a given initial point. Q, the trajectories Q(t) satisfy the condition ιQ˙ω = 2 str(QQ˙dQ) =
dH, i.e. the tangent to the flow is a Hamiltonian vector field. A straightforward computation shows that for
our present ‘spin in a magnetic field of strength s’ Hamiltonian, this condition is met by Q(t) = eistτ3Qe−istτ3
’spin precessing at constant frequency s’. All trajectories are closed and have equal revolution time 2pi/s.
29
and the O(1) spectral branes to be of FZZT type [32, 37, 38]. The physics we want to focus
on is that of open strings stretching between these different types of branes. Let us introduce
these degrees of freedom by writing the determinant operator explicitly as
det(E −H) =
ˆ
d(η¯, η) exp (η¯(E −H)η) , (4.3)
where η¯, η are our usual L−component Grassmann vectors, now identified with fermionic open-
string modes stretching between a single brane parametrized by E, and the L branes in the
stack parameterised by H. A second kind of excitation is given by bosonic strings stretching
between the branes, in which case we exponentiate the inverse determinant operator as
1
det(E± −H) =
ˆ
d(φ¯, φ) exp
(±iφ¯(E ′ ± iε−H)φ) , (4.4)
where we have been careful about adding an imaginary part (ε > 0) to ensure convergence of
the Gaussian integral, in the same way as in Section 2.5 above. Such inverse brane determinants
have been considered in the past, and have been called anti-branes or, perhaps more appro-
priately as ghost branes [39]. As an alternative to using ghosts, we might employ 2R replica
branes of the ‘normal’ FZZT type. However, except for the unitary class, replicas are ill suited
to the description of the doubly non-perturbative limit [40] which is why we generally prefer
to work with ghosts (See Appendix B for a discussion of replicas vs. supersymmetry from the
matrix theory perspective.)
It is thus clear how to interpret a generating functional of the type Z(zˆ) (see Eq. (2.8)) in
the bulk. We then have again the object (2.8)), but now with an explicit physical realization of
the modes ψ = (φ+, φ−, η+, η−) which we had previously introduced as auxiliary objects. As we
have seen, the ratio of determinants defining the generating functions Z is the starting point to
extract universal late-time chaos from symmetry considerations alone. Given our interpretation
of the η and φ variables used to exponentiate the D-brane operator as open string modes. These
string modes have Chan-Paton factors ψaµ, µ = 1, 2 . . . L, a = 1, 2 . . . n which allow them to end
on any of the L D-branes making up the ‘sea’ and/or on any of the n probe branes. Note
that the present approach is supersymmetric by design, with a supergroup acting upon the
Chan-Paton degrees of freedom (see for example [39] for a general description of such objects).
Both the replica and the SUSY perspective reveal that the bulk manifestation of the Goldstone
modes of the chaotic sigma model are effective bound states of strings
Πab =
L∑
µ=1
ψaµψ¯
b
µ
resulting from integrating out over the ‘sea’ degrees of freedom associated with the stack of L
D-branes labelled by the index a. This projects onto singlets under this ‘color’ group, leaving
the effective strings to transform in with their a, b indices in the adjoint of the ‘flavor’ group.
For the computation of spectral correlations, for example of pair correlations (2.6), the causal
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symmetry breaking mechanism applies and we may effectively concentrate on the light sector
of modes contained in Π, in other words the Goldstone sector Q.
This bulk interpretation of the chaotic sigma model is illustrated in Figure 2.
Figure 2: Bulk sigma model: we start from the configuration comprising ‘sea branes’, µ =
1, . . . L, and spectral branes, a = 1, . . . 4. As a microscopic realization, for example in the
context of minimal string theory, we can take the L ‘sea branes’ to be a stack of L coincident
ZZ branes and the spectral branes to be FZZT branes. In the corresponding matrix theory,
pairs of strings connecting sea branes µ and ν, respectively, to the same spectral brane, a, are
represented by the bilinears ψ¯aµHµνψ
a
ν , with Chan-Paton factors ψ
a
µ. Integration over the stack
of sea branes leads to a dual picture, with ‘string bound states’ ψ¯aµA
a,bψbµ correlating spectral
branes, a, b, via an induced bulk geometry with each other. The previously exact symmetry
between different a’s (for spectral branes at coinciding energy-coordinates, E) is spontaneously
broken and leads to the emergence of the Qab pseudo Goldstone degrees of freedom. The reader
may note that this is a microscopic description of an open/closed duality in the presence of
‘flavor’ branes [41] giving rise to an additional open string sector (the FZZT-ZZ strings). In
section 4.2 we show how to extract the Goldstone contributions from s world-sheet calculation
of the FZZT-ZZ strings.
4.1 Causal symmetry breaking in minimal string theory
We now go through the exercise of describing the bulk picture of the EFT of quantum chaos in
minimal string theory. This allows us to make direct contact with the matrix-model techniques
introduced above and then compare them to the bulk 2D gravity or ‘continuum worldsheet’
perspective. Referring to Refs. [32, 42, 43] for reviews, we note that minimal string theory
is defined by coupling 2D Liouville theory to a (q, p) minimal model matter CFT (for q, p
two relatively prime integers). For concreteness we will be only interested in the cases (2, p),
which have a dual description as one-matrix models with invariant potentials depending on the
value of p = 2m − 1 , (m ∈ Z). It turns out that minimal string theories contain D-branes of
the type we can use to implement the spectral determinant construction at the heart of our
analysis. These D-branes can be viewed as CFT boundary states, tensoring a Liouville boundary
state, [37, 44], with a matter boundary state, or alternatively as boundary conditions on the
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worldsheet theory. Reference [43] contains an extensive review of the relevant constructions11
from a perspective pertinent to this work. In the following we will work both from the matrix-
model perspective as well as from the worldsheet perspective, the latter taking the role of bulk
spacetime. The former description will be very familiar from our Section 3, while the latter will
recover individual universal contributions from the 2D gravity perspective.
4.1.1 Double scaling to the spectral edge
One way of defining (2, p) minimal string theory is via a double-scaled limit of a random matrix
ensemble of a single matrix which we may think of as the Hamiltonian H, so that
〈Z(zˆ)〉 =
ˆ
dHe−V (H)Z(zˆ) , (4.5)
falling squarely into the class of models (3.1) studied in Section 3. However, the present
discussion requires an extra twist, we need to zoom into the vicinity of the spectral edge. To
understand what this means in the present context, first consider the generating functional
Z(2) Eq. (2.9) of the spectral density with derivative taken at z = E ± i0. Depending on the
choice of V (H), there will be a subset of energies E with finite spectral density — technically,
the range of energies with symmetry broken stationary field solutions. Symbolically denoting
the width of this spectral support by a, and its minimum energy by E0, we consider the
‘double scaling limit’, of a large number of levels, L → ∞, for separations off the band edge
(E − E0)/a → 0. In the following we consider the simplest case, namely (2, 1) minimal string
theory, whose invariant matrix potential is Gaussian, Eq. (3.9), to demonstrate how this limit
leads to a variant of the Kontsevich matrix model [45]. However, the same method is applicable
to other potentials describing theories in the (2, q) family. For the discussion of the equivalent
continuum worldsheet approach we refer to section 4.2 below.
After integrating out the variables ψ, ψ¯ (now interpreted as open string degrees of freedom)
we obtain the action (3.12), which we repeat here for convenience:
〈Z(zˆ) =
ˆ
dA e−V (A)−L str ln(zˆ+A) , (4.6)
with V (A) = L
g2
str(A2), for the (2, 1) variant. The solution A¯ of the stationary equations is
given by Eq. (3.15) with associated spectral density Eq. (3.16), indicating that E0 = −
√
2g
defines the edge of a spectrum of width a = 2
√
2g. We now consider energies close to the band
edge, z = −E0 + ζ. For fixed ζ, we scale L → ∞ along with g → ∞ such that there is still a
macroscopically large number of levels in the interval [−E0,−E0 + ζ]. In this limit, Eq. (3.17)
reduces to
A¯(ζ) =
−√2g + ζ
2
+ iτ3
g1/2
21/4
√
ζ (4.7)
11We also refer the interested Reader to the excellent review [3] for more information. A brief overview from
a modern perspective is given in [32].
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with associated mean field spectral density
ρ(ζ) =
eS0
pi
√
ζ , eS0 ≡ 2
3/4L
g3/2
. (4.8)
We obtain a two-dimensional flavor matrix model describing the fine structure of edge of single
level spacings by expansion around the symmetry unbroken solution right at the edge, A¯(0) =
g√
2
. Defining A = A¯(0) +
√
g
21/4
a where the scaling factor upfront the fluctuation matrix a is
introduced for convenience, and expanding to leading order in a and ζ, we obtain
〈Z(zˆ)〉 '
ˆ
da e
−eS0str
(
a3
3
+ζˆa
)
, (4.9)
which is a variant of the Kontsevich model [45]. Equivalent derivations of this model from
double-scaled matrix theories have appeared before in [38, 46], although not in terms of a
supersymmetric formalism as we have utilized here. In the absence of sources, ζˆ = ζ1, the
action is invariant under graded general linear transformations a→ TaT−1 , T ∈ GL(2|2), and
the Efetov-Wegner theorem secures the normalization of the partition sum Z(ζ) = 1.
In the presence of sources, a parameterization of a =
(
λ1 ρ
σ iλ2
)
followed by integration over
the Grassmann variables ρ, σ leads to
Z(ζˆ) =
(
∂
∂ζ1
− ∂
∂ζ2
) ˆ
dλ1dλ2
2pi
e
−eS0str
(
λ3
3
+ζˆλ
)
, (4.10)
where the diagonal matrix λ ≡ a|ρ=σ=0 contains the commuting variables, λ1, λ2 and a choice
of integration contours safeguarding convergence is implicit to the definition of the integral.
Finally the factor (2pi)−1 ensures the proper normalization of the bosonic measure, which we did
not explicitly specify in Equation (4.4) above. In order to obtain the spectral density Eq. (2.9)
with z → ζ, a further ζ2 derivative has to be taken, before setting the energy arguments equal
to each other. This results in the Airy density of sates
ρ(ζ) = e2S0/3
(−Ai(x)2 + xAi′(x)2) , (x = −e2S0/3ζ)
∼ e
S0
pi
√
ζ , (4.11)
where in the second line we have used the standard asymptotics of the Airy function (see
Appendix C) to derive the leading behavior for e2S0/3ζ  1. It is then clear that the saddle-
point evaluation we performed above is precisely the semi-classical limit eS0  1 of the exact
expression corresponding to the well-known asymptotics of the Airy function.
In principle, we may upgrade the above integral to one over GL(2|2) matrices to obtain the
correlations in the Airy DoS right at the edge. However, for the present purposes, it is sufficient
to move somewhat into the double scaled spectrum and expand around the symmetry broken
stationary points Eq. (4.7) at finite e−S0  ζ  g. In this case, there is nothing left to be done,
and we can cut and paste from section (3), up to and including the final result, the sine-kernel
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level correction Eq. (2.26). The fact that the present model is scaled to the vicinity of the edge
only makes its appearance in the scaling variable, s = piω/∆, which now makes reference to
the near edge level spacing, ∆ = ρ−1 = pie−S0ζ−1/2.
Before concluding this section, let us comment on a point that will become relevant in
connection with a minimal string theory interpretation in the next section. We derived the
representation Eq. (4.9) by fluctuation expansion of the action around ζ = 0, right at the edge
where the mean field symmetry breaking comes to an end by definition. On the other hand, we
know that for any ζ > 0 mean field causal symmetry breaking is equivalent to the statement
of a finite density of states on average. We can invoke this mechanism by a ‘second’ stationary
phase approximation, this time applied to the fluctuation action Eq. (4.9), i.e. by asking for
the least action fluctuation configurations, a¯, for given ζ > 0. A straightforward variation leads
to
a¯ = ±i
√
ζ, (4.12)
and the differentiation in sources at the causal of these yields the mean field spectral density in
agreement with Eq. (4.8). Comparing with the exact result, Eq. (4.11), we interpret the mean
field result as the approximation of the Airy functions in the semiclassical limit eS0  1.
4.1.2 Disks, annuli and instantons
Having described the physics of spectral branes in terms of a double-scaled matrix model, we
would now like to make the connection to the continuum approach of minimal string theory,
which serves as the bulk description in this setting. We start by discussing a single determinant
operator insertion. As described in [37], in the bulk the density of states is related to a disk
amplitude with boundary condition given by a single energy variable ζ, that is a worldsheet
with a single FZZT brane boundary condition ζ, referred to in this context as the boundary
cosmological constant. The connection between determinant operator insertion and spectral
density is made by a reduced version of the flavor matrix integral (4.9)
Ψ(ζ) := 〈det(ζ −H)〉 =
ˆ
da e
−eS0
(
a3
3
+ζa
)
= e−S0/32piiAi
(−e2S0/3ζ) (4.13)
where a, ζ are single scalar variables (the former representing a one-dimensional flavor matrix)
and in the last equality we noted that for an appropriate choice of integration contour the inte-
gral takes the form of a well-known integral representation of the Airy function (see Appendix C
for details.). We interpret this representation as the effective theory of an FZZT brane upon
integrating out the contribution of the ZZ branes, in terms of a single degree of freedom a.
At the end of the previous section we have seen that in the semiclassical evaluation of this
miniature flavor theory we encounter two saddles, Eq. (4.12), a toy model version of the standard
saddle and the Altshuler-Andreev saddle. Summation over these saddles and the fluctuations
around them produced a large ζ semiclassical approximation of the spectral determinant, and
the full a-integral an restoration of the exact result Eq. (4.13). Translating to the bulk, the
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double saddle point structure means that the brane exhibits two branches, where the second
appears on the brane as an instanton. In the literature [38], this saddle point structure has
been interpreted as a semiclassical approximation to the exact quantum target space of the
brane, with ζ playing the role of an effective semiclassical target space coordinate.
So far we only considered a single determinant, which is not rich enough to exhibit Gold-
stone modes associated to symmetry breaking. In order to get from the toy model to the full
problem, we need to consider more than one FZZT brane. From the perspective of this paper,
the most natural realization would be one corresponding to the ratio of spectral determinants,
with an effective supersymmetric flavor matrix representation. However, absent a matching
bulk picture12 we engage the replica formalism whose starting point are R-fold replicated de-
terminants
〈
det(ζ1 −H)R det(ζ2 −H)R
〉
. The matrix theory implementation of these products
in terms of R-fold replicated Grassmann integrals is straightforward. The construction of sec-
tion 3 modified for 2R-Grassmann integration variables and zero commuting ones leads to a
flavor matrix model (4.6) where a is now a 2R × 2R matrix. In the double scaled limit, this
leads to (4.9) from where the non-perturbative structure of spectral correlations is obtained via
a replica version of the AA saddle point detailed in Appendix B.
An alternative approach, more closely geared towards a bulk interpretation, starts from the
representation of the double scaled expectation value, [38, 47]〈
R∏
i=1
det(ζi −H)
〉
=
∆(d)
∆(ζ)
R∏
i=1
Ψ(ζi) , (4.14)
where the ‘wavefunction’ Ψ(ζ) is defined in Eq. (4.13) above. Here ∆(ζ) =
∏
i<j(ζi − ζj) is
the Vandermonde determinant, and similarly for ∆(d), where d = e−S0(∂1, . . . , ∂R) contains
derivatives acting ith coordinate ζi of the wavefunction Ψ(ζi). In continuum language, the
individual contributions in (4.14) are associated to particular worldsheet contributions. In the
semiclassical limit eS0  1, the product ∏Ri=1 Ψ(ζi) becomes a product of WKB wavefunctions,
each factor comprising a disk diagram as well as an annulus with both boundaries on the same
brane [38], and the ratio ∆(d)
∆(ζ)
comes from exponentiated annuli with boundary conditions on
different branes. Let us see explicitly how this works for the case of two determinants, that is
two exponentiated loop operators (4.2),
〈Ψ(ζ1)Ψ(ζ2)〉 =
〈
eW(ζ1)eW(ζ2)
〉
. (4.15)
A single insertion of the loop operator is the matrix-model representation of a worldsheet with
a single boundary, the so-called disk amplitude, Disk(ζ) = 〈W(ζ)〉. A two-loop correlator gives
the annulus diagram ann(ζ1, ζ2) = 〈W(ζ1)W(ζ2)〉. Then to leading semiclassical order we can
12This would require a more explicit microscopic understanding of the ghost branes of [39] in general, and
specifically in terms of the continuum worldsheet approach of minimal string theory. In view of how much
simpler and transparent the non-perturbative analysis becomes compared to the replica approach, this might
be a rewarding investment.
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write, [4, 48],
〈Ψ(ζ1)Ψ(ζ2)〉 ' eDisk(ζ1)+Disk(ζ2)+ann(ζ1,ζ2)+ 12 (ann(ζ1,ζ1)+ann(ζ2,ζ2)) (4.16)
We note that the individual factors contributing to this answer are precisely the ingredients
we introduced above, namely disk diagrams with a boundary on either of the spectral branes,
Disk(ζ1,2) annulus diagrams with both boundaries on the same brane, ann(ζ1,2, ζ1,2), and finally
an annulus diagram with one boundary on each spectral brane, ann(ζ1, ζ2).
In the next section, we will analyse the connected annular contribution ann(ζ1, ζ2) and
extract the singular (in energy) terms coming from the EFT predictions in Section 2.5 above.
4.2 Universal RMT contributions in 2D gravity
In this section, we show how universal contributions of the EFT of chaos in Section 2.6 are recov-
ered from the bulk perspective. To this end we evaluate the worldsheet diagrams contributing
to (4.14) in the replica limit R→ 0 and match them to individual contributions in Section 2.5.
Carrying out the disk and annulus expansion, (4.16) for the replicated determinants, one finds
W (ζ1, ζ2) = ∂
2
ζ1,ζ2
lim
R→0
(
Ψ(ζ1)
R − 1) (Ψ(ζ2)R − 1)
R2
= ∂2ζ1,ζ2ann(ζ1, ζ2) (4.17)
i.e. the only surviving connected contribution to the correlator of two resolvents, (2.4), is
indeed the annulus ann(ζ1, ζ2). This result is obvious once we recall that one can find the
two-resolvent expectation value simply by computing the expectation value of two loop oper-
ators, 〈W(ζ1)W(ζ2)〉, which is nothing but our earlier definition of ann(ζ1, ζ2) (see Figure 3).
However it is reassuring to see that it also follows from the full machinery developed above. In
particular, it would be impossible to develop our causal symmetry breaking analysis without
full recourse to the determinants (4.14). We have thus established that we can extract the
leading RMT singularity ∼ s−2 in bulk language from an annulus diagram with two FZZT
boundaries, Z(ζ1, ζ2), the so-called FZZT annulus partition function in minimal string theory.
This amounts to computing the contribution of the Goldstone modes to the leading singularity
around the standard saddle in the bulk, i.e. the exact bulk equivalent of the EFT diagram
(2.22).
We thus want to compute the bulk annulus diagram, which in the worldsheet setting
amounts to adding contributions from worldsheet ghosts Zghost, the 2d Liouville partition func-
tion ZLiouville as well as the (2, p) minimal model CFT, Zmatter, leading to the final result,
Z(2,p)(ζ1, ζ2) =
ˆ ∞
0
dP
cos(4pis1P ) cos(4pis2P )
2piP sinh 2pi P
b
cosh 2pi P
b
, (4.18)
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<latexit sha1_base64="7I5UWb+0iX95tFegw7vfYIQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/q h69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7Th hQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05VSwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKB bYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfYIQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/q h69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7Th hQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05VSwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKB bYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfYIQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/q h69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7Th hQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05VSwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKB bYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit><latexit sha1_base64="7I5UWb+0iX95tFegw7vfYIQ/3K4=">AAAB7XicbVBNSwMxEJ3Ur1q/q h69BIvgxbIrgh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7Th hQUwGkkecEuukpnnIzs4nvXLFq3oz4GXi56QCOeq98le3r2gaM2mpIMZ0fC+xQUa05VSwSambGpYQOiID1nFUkpiZIJtdO8EnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo6sg4zJJLZN0vihKB bYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBlVwI/uLLy6R5XvW9qn93Uald53EU4QiO4RR8uIQa3EIdGkDhEZ7hFd6QQi/oHX3MWwsonzmEP0CfPzNxjt4=</latexit>=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUw S9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr 8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUw S9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr 8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUw S9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr 8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUw S9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr 8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>
⇣+1
<latexit sha1_base64="AspYqJm7+8C5srZLsmk5kRA6NlQ=">AAACAHicbVDLSsNAFJ3UV62vq AsXbgaLIAglEUGXRTcuK9gHNDFMJjft0MmDmYlQQzb+ihsXirj1M9z5N07TLrT1wIXDOffOnXv8lDOpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpmg0KYJT0TPJxI4i6GtmOLQSwWQyOfQ9UfXE7/7AEKyJL5 T4xTciAxiFjJKlJY88yB3ykdyAUGBnUdQxLPvTwvPrFsNqwReJPaM1NEMLc/8coKEZhHEinIiZd+2UuXmRChGORQ1J5OQEjoiA+hrGpMIpJuXuwt8rJUAh4nQFStcqr8nchJJOY583RkRNZTz3kT8z+tnK rx0cxanmYKYTheFGccqwZM0cMAEUMXHmhAqmP4rpkMiCFU6s5oOwZ4/eZF0zhq21bBvz+vNq1kcVXSIjtAJstEFaqIb1EJtRFGBntErejOejBfj3fiYtlaM2cw++gPj8wfJGJaA</latexit><latexit sha1_base64="AspYqJm7+8C5srZLsmk5kRA6NlQ=">AAACAHicbVDLSsNAFJ3UV62vq AsXbgaLIAglEUGXRTcuK9gHNDFMJjft0MmDmYlQQzb+ihsXirj1M9z5N07TLrT1wIXDOffOnXv8lDOpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpmg0KYJT0TPJxI4i6GtmOLQSwWQyOfQ9UfXE7/7AEKyJL5 T4xTciAxiFjJKlJY88yB3ykdyAUGBnUdQxLPvTwvPrFsNqwReJPaM1NEMLc/8coKEZhHEinIiZd+2UuXmRChGORQ1J5OQEjoiA+hrGpMIpJuXuwt8rJUAh4nQFStcqr8nchJJOY583RkRNZTz3kT8z+tnK rx0cxanmYKYTheFGccqwZM0cMAEUMXHmhAqmP4rpkMiCFU6s5oOwZ4/eZF0zhq21bBvz+vNq1kcVXSIjtAJstEFaqIb1EJtRFGBntErejOejBfj3fiYtlaM2cw++gPj8wfJGJaA</latexit><latexit sha1_base64="AspYqJm7+8C5srZLsmk5kRA6NlQ=">AAACAHicbVDLSsNAFJ3UV62vq AsXbgaLIAglEUGXRTcuK9gHNDFMJjft0MmDmYlQQzb+ihsXirj1M9z5N07TLrT1wIXDOffOnXv8lDOpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpmg0KYJT0TPJxI4i6GtmOLQSwWQyOfQ9UfXE7/7AEKyJL5 T4xTciAxiFjJKlJY88yB3ykdyAUGBnUdQxLPvTwvPrFsNqwReJPaM1NEMLc/8coKEZhHEinIiZd+2UuXmRChGORQ1J5OQEjoiA+hrGpMIpJuXuwt8rJUAh4nQFStcqr8nchJJOY583RkRNZTz3kT8z+tnK rx0cxanmYKYTheFGccqwZM0cMAEUMXHmhAqmP4rpkMiCFU6s5oOwZ4/eZF0zhq21bBvz+vNq1kcVXSIjtAJstEFaqIb1EJtRFGBntErejOejBfj3fiYtlaM2cw++gPj8wfJGJaA</latexit><latexit sha1_base64="AspYqJm7+8C5srZLsmk5kRA6NlQ=">AAACAHicbVDLSsNAFJ3UV62vq AsXbgaLIAglEUGXRTcuK9gHNDFMJjft0MmDmYlQQzb+ihsXirj1M9z5N07TLrT1wIXDOffOnXv8lDOpLOvbqCwtr6yuVddrG5tb2zvm7l5HJpmg0KYJT0TPJxI4i6GtmOLQSwWQyOfQ9UfXE7/7AEKyJL5 T4xTciAxiFjJKlJY88yB3ykdyAUGBnUdQxLPvTwvPrFsNqwReJPaM1NEMLc/8coKEZhHEinIiZd+2UuXmRChGORQ1J5OQEjoiA+hrGpMIpJuXuwt8rJUAh4nQFStcqr8nchJJOY583RkRNZTz3kT8z+tnK rx0cxanmYKYTheFGccqwZM0cMAEUMXHmhAqmP4rpkMiCFU6s5oOwZ4/eZF0zhq21bBvz+vNq1kcVXSIjtAJstEFaqIb1EJtRFGBntErejOejBfj3fiYtlaM2cw++gPj8wfJGJaA</latexit>
⇣ 2
<latexit sha1_base64="zSKDD4epWFI4UU/kmhgRz0df1nQ=">AAACAXicbVDLSsNAFJ3UV62vq BvBzWAR3FiSIuiy6MZlBfuAJobJ9KYdOnkwMxFqiBt/xY0LRdz6F+78G6dpF9p64MLhnHvnzj1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOrid+5ByFZHN2 qcQJuSAYRCxglSkueeZA5xSOZz1PIsfMAinj1u9PcM6tWzSqAF4k9I1U0Q9Mzv5x+TNMQIkU5kbJnW4lyMyIUoxzyipNKSAgdkQH0NI1ICNLNiuU5PtZKHwex0BUpXKi/JzISSjkOfd0ZEjWU895E/M/rp Sq4cDMWJamCiE4XBSnHKsaTOHCfCaCKjzUhVDD9V0yHRBCqdGgVHYI9f/IiaddrtlWzb86qjctZHGV0iI7QCbLROWqga9RELUTRI3pGr+jNeDJejHfjY9paMmYz++gPjM8fodKW+g==</latexit><latexit sha1_base64="zSKDD4epWFI4UU/kmhgRz0df1nQ=">AAACAXicbVDLSsNAFJ3UV62vq BvBzWAR3FiSIuiy6MZlBfuAJobJ9KYdOnkwMxFqiBt/xY0LRdz6F+78G6dpF9p64MLhnHvnzj1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOrid+5ByFZHN2 qcQJuSAYRCxglSkueeZA5xSOZz1PIsfMAinj1u9PcM6tWzSqAF4k9I1U0Q9Mzv5x+TNMQIkU5kbJnW4lyMyIUoxzyipNKSAgdkQH0NI1ICNLNiuU5PtZKHwex0BUpXKi/JzISSjkOfd0ZEjWU895E/M/rp Sq4cDMWJamCiE4XBSnHKsaTOHCfCaCKjzUhVDD9V0yHRBCqdGgVHYI9f/IiaddrtlWzb86qjctZHGV0iI7QCbLROWqga9RELUTRI3pGr+jNeDJejHfjY9paMmYz++gPjM8fodKW+g==</latexit><latexit sha1_base64="zSKDD4epWFI4UU/kmhgRz0df1nQ=">AAACAXicbVDLSsNAFJ3UV62vq BvBzWAR3FiSIuiy6MZlBfuAJobJ9KYdOnkwMxFqiBt/xY0LRdz6F+78G6dpF9p64MLhnHvnzj1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOrid+5ByFZHN2 qcQJuSAYRCxglSkueeZA5xSOZz1PIsfMAinj1u9PcM6tWzSqAF4k9I1U0Q9Mzv5x+TNMQIkU5kbJnW4lyMyIUoxzyipNKSAgdkQH0NI1ICNLNiuU5PtZKHwex0BUpXKi/JzISSjkOfd0ZEjWU895E/M/rp Sq4cDMWJamCiE4XBSnHKsaTOHCfCaCKjzUhVDD9V0yHRBCqdGgVHYI9f/IiaddrtlWzb86qjctZHGV0iI7QCbLROWqga9RELUTRI3pGr+jNeDJejHfjY9paMmYz++gPjM8fodKW+g==</latexit><latexit sha1_base64="zSKDD4epWFI4UU/kmhgRz0df1nQ=">AAACAXicbVDLSsNAFJ3UV62vq BvBzWAR3FiSIuiy6MZlBfuAJobJ9KYdOnkwMxFqiBt/xY0LRdz6F+78G6dpF9p64MLhnHvnzj1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41RQaNGYx6LrEwmcRdBSTHHoJgJI6HPo+KOrid+5ByFZHN2 qcQJuSAYRCxglSkueeZA5xSOZz1PIsfMAinj1u9PcM6tWzSqAF4k9I1U0Q9Mzv5x+TNMQIkU5kbJnW4lyMyIUoxzyipNKSAgdkQH0NI1ICNLNiuU5PtZKHwex0BUpXKi/JzISSjkOfd0ZEjWU895E/M/rp Sq4cDMWJamCiE4XBSnHKsaTOHCfCaCKjzUhVDD9V0yHRBCqdGgVHYI9f/IiaddrtlWzb86qjctZHGV0iI7QCbLROWqga9RELUTRI3pGr+jNeDJejHfjY9paMmYz++gPjM8fodKW+g==</latexit>
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(2,p)
<latexit sha1_base64="t+gsVcnlLUy2wqHFj 9wlDw4Iyd8=">AAACfHicfVFNbxMxEPUuXyV8BThywCIgpWoT7UaocKzg0mORmrZSnKy8zmxi1etd 2eNKwdpfwT/jxk/hgnA2e4AWMZKlpzfz5o1n8lpJi0nyI4rv3L13/8Hew96jx0+ePus/f3FuK2cET EWlKnOZcwtKapiiRAWXtQFe5gou8qvP2/zFNRgrK32GmxrmJV9pWUjBMVBZ/xtTUCBliuuVAko9My U9Mw1lheHCp433rHXxBpYN+wrIs3Rx0NARPQlFh/9T5MpBJ5ksRjtJjxm5WiMzrV/mh5PDer9ZtE2 41k4522T9QTJO2qC3QdqBAeniNOt/Z8tKuBI0CsWtnaVJjXPPDUqhIHg6CzUXV3wFswA1L8HOfTtk Q98FZkmLyoSnkbbsnwrPS2s3ZR4qS45rezO3Jf+VmzksPs691LVD0GJnVDhFsaLbS9ClNCBQbQLgw sgwKxVrHnaI4V69sIT05pdvg/PJOE3G6Zf3g+NP3Tr2yCvyhgxJSj6QY3JCTsmUCPIzeh0No/3oV/ w2PohHu9I46jQvyV8RH/0G6gPBMA==</latexit><latexit sha1_base64="t+gsVcnlLUy2wqHFj 9wlDw4Iyd8=">AAACfHicfVFNbxMxEPUuXyV8BThywCIgpWoT7UaocKzg0mORmrZSnKy8zmxi1etd 2eNKwdpfwT/jxk/hgnA2e4AWMZKlpzfz5o1n8lpJi0nyI4rv3L13/8Hew96jx0+ePus/f3FuK2cET EWlKnOZcwtKapiiRAWXtQFe5gou8qvP2/zFNRgrK32GmxrmJV9pWUjBMVBZ/xtTUCBliuuVAko9My U9Mw1lheHCp433rHXxBpYN+wrIs3Rx0NARPQlFh/9T5MpBJ5ksRjtJjxm5WiMzrV/mh5PDer9ZtE2 41k4522T9QTJO2qC3QdqBAeniNOt/Z8tKuBI0CsWtnaVJjXPPDUqhIHg6CzUXV3wFswA1L8HOfTtk Q98FZkmLyoSnkbbsnwrPS2s3ZR4qS45rezO3Jf+VmzksPs691LVD0GJnVDhFsaLbS9ClNCBQbQLgw sgwKxVrHnaI4V69sIT05pdvg/PJOE3G6Zf3g+NP3Tr2yCvyhgxJSj6QY3JCTsmUCPIzeh0No/3oV/ w2PohHu9I46jQvyV8RH/0G6gPBMA==</latexit><latexit sha1_base64="t+gsVcnlLUy2wqHFj 9wlDw4Iyd8=">AAACfHicfVFNbxMxEPUuXyV8BThywCIgpWoT7UaocKzg0mORmrZSnKy8zmxi1etd 2eNKwdpfwT/jxk/hgnA2e4AWMZKlpzfz5o1n8lpJi0nyI4rv3L13/8Hew96jx0+ePus/f3FuK2cET EWlKnOZcwtKapiiRAWXtQFe5gou8qvP2/zFNRgrK32GmxrmJV9pWUjBMVBZ/xtTUCBliuuVAko9My U9Mw1lheHCp433rHXxBpYN+wrIs3Rx0NARPQlFh/9T5MpBJ5ksRjtJjxm5WiMzrV/mh5PDer9ZtE2 41k4522T9QTJO2qC3QdqBAeniNOt/Z8tKuBI0CsWtnaVJjXPPDUqhIHg6CzUXV3wFswA1L8HOfTtk Q98FZkmLyoSnkbbsnwrPS2s3ZR4qS45rezO3Jf+VmzksPs691LVD0GJnVDhFsaLbS9ClNCBQbQLgw sgwKxVrHnaI4V69sIT05pdvg/PJOE3G6Zf3g+NP3Tr2yCvyhgxJSj6QY3JCTsmUCPIzeh0No/3oV/ w2PohHu9I46jQvyV8RH/0G6gPBMA==</latexit><latexit sha1_base64="t+gsVcnlLUy2wqHFj 9wlDw4Iyd8=">AAACfHicfVFNbxMxEPUuXyV8BThywCIgpWoT7UaocKzg0mORmrZSnKy8zmxi1etd 2eNKwdpfwT/jxk/hgnA2e4AWMZKlpzfz5o1n8lpJi0nyI4rv3L13/8Hew96jx0+ePus/f3FuK2cET EWlKnOZcwtKapiiRAWXtQFe5gou8qvP2/zFNRgrK32GmxrmJV9pWUjBMVBZ/xtTUCBliuuVAko9My U9Mw1lheHCp433rHXxBpYN+wrIs3Rx0NARPQlFh/9T5MpBJ5ksRjtJjxm5WiMzrV/mh5PDer9ZtE2 41k4522T9QTJO2qC3QdqBAeniNOt/Z8tKuBI0CsWtnaVJjXPPDUqhIHg6CzUXV3wFswA1L8HOfTtk Q98FZkmLyoSnkbbsnwrPS2s3ZR4qS45rezO3Jf+VmzksPs691LVD0GJnVDhFsaLbS9ClNCBQbQLgw sgwKxVrHnaI4V69sIT05pdvg/PJOE3G6Zf3g+NP3Tr2yCvyhgxJSj6QY3JCTsmUCPIzeh0No/3oV/ w2PohHu9I46jQvyV8RH/0G6gPBMA==</latexit>
@2⇣1,⇣2
<latexit sha1_base64="e2EeYy29WCkT2bMVvVX1iwC+qI8=">AAACIHicbVDLSsNAFJ3 4rPUVdekmWAQXUpIi1GXRjcsK9gFNDZPJTTt08mBmItSQT3Hjr7hxoYju9GucpBG09cDA4Zx758wcN2ZUSNP81JaWV1bX1isb1c2t7Z1dfW+/K6KEE+iQiEW872IBjIbQkVQy6McccOA y6LmTy9zv3QEXNApv5DSGYYBHIfUpwVJJjt60Y8wlxey24aSpXVyYcvAy+x4kdqzs9Ed0WQKl2sgyR6+ZdbOAsUisktRQibajf9heRJIAQkkYFmJgmbEcpnk4YZBV7URAjMkEj2CgaIgD EMO0iM6MY6V4hh9xdUJpFOrvjRQHQkwDV00GWI7FvJeL/3mDRPrnw5SGcSIhJLMgP2GGjIy8LcOjHIhkU0Uw4VS91SBjzDGRqtOqKsGa//Ii6Tbqllm3rs9qrYuyjgo6REfoBFmoiVroC rVRBxH0gJ7QC3rVHrVn7U17n40uaeXOAfoD7esbtd+lJw==</latexit><latexit sha1_base64="e2EeYy29WCkT2bMVvVX1iwC+qI8=">AAACIHicbVDLSsNAFJ3 4rPUVdekmWAQXUpIi1GXRjcsK9gFNDZPJTTt08mBmItSQT3Hjr7hxoYju9GucpBG09cDA4Zx758wcN2ZUSNP81JaWV1bX1isb1c2t7Z1dfW+/K6KEE+iQiEW872IBjIbQkVQy6McccOA y6LmTy9zv3QEXNApv5DSGYYBHIfUpwVJJjt60Y8wlxey24aSpXVyYcvAy+x4kdqzs9Ed0WQKl2sgyR6+ZdbOAsUisktRQibajf9heRJIAQkkYFmJgmbEcpnk4YZBV7URAjMkEj2CgaIgD EMO0iM6MY6V4hh9xdUJpFOrvjRQHQkwDV00GWI7FvJeL/3mDRPrnw5SGcSIhJLMgP2GGjIy8LcOjHIhkU0Uw4VS91SBjzDGRqtOqKsGa//Ii6Tbqllm3rs9qrYuyjgo6REfoBFmoiVroC rVRBxH0gJ7QC3rVHrVn7U17n40uaeXOAfoD7esbtd+lJw==</latexit><latexit sha1_base64="e2EeYy29WCkT2bMVvVX1iwC+qI8=">AAACIHicbVDLSsNAFJ3 4rPUVdekmWAQXUpIi1GXRjcsK9gFNDZPJTTt08mBmItSQT3Hjr7hxoYju9GucpBG09cDA4Zx758wcN2ZUSNP81JaWV1bX1isb1c2t7Z1dfW+/K6KEE+iQiEW872IBjIbQkVQy6McccOA y6LmTy9zv3QEXNApv5DSGYYBHIfUpwVJJjt60Y8wlxey24aSpXVyYcvAy+x4kdqzs9Ed0WQKl2sgyR6+ZdbOAsUisktRQibajf9heRJIAQkkYFmJgmbEcpnk4YZBV7URAjMkEj2CgaIgD EMO0iM6MY6V4hh9xdUJpFOrvjRQHQkwDV00GWI7FvJeL/3mDRPrnw5SGcSIhJLMgP2GGjIy8LcOjHIhkU0Uw4VS91SBjzDGRqtOqKsGa//Ii6Tbqllm3rs9qrYuyjgo6REfoBFmoiVroC rVRBxH0gJ7QC3rVHrVn7U17n40uaeXOAfoD7esbtd+lJw==</latexit><latexit sha1_base64="e2EeYy29WCkT2bMVvVX1iwC+qI8=">AAACIHicbVDLSsNAFJ3 4rPUVdekmWAQXUpIi1GXRjcsK9gFNDZPJTTt08mBmItSQT3Hjr7hxoYju9GucpBG09cDA4Zx758wcN2ZUSNP81JaWV1bX1isb1c2t7Z1dfW+/K6KEE+iQiEW872IBjIbQkVQy6McccOA y6LmTy9zv3QEXNApv5DSGYYBHIfUpwVJJjt60Y8wlxey24aSpXVyYcvAy+x4kdqzs9Ed0WQKl2sgyR6+ZdbOAsUisktRQibajf9heRJIAQkkYFmJgmbEcpnk4YZBV7URAjMkEj2CgaIgD EMO0iM6MY6V4hh9xdUJpFOrvjRQHQkwDV00GWI7FvJeL/3mDRPrnw5SGcSIhJLMgP2GGjIy8LcOjHIhkU0Uw4VS91SBjzDGRqtOqKsGa//Ii6Tbqllm3rs9qrYuyjgo6REfoBFmoiVroC rVRBxH0gJ7QC3rVHrVn7U17n40uaeXOAfoD7esbtd+lJw==</latexit>
Figure 3: The annulus contribution to the spectral two-point function. Its universal part gives
the correct EFT singular contribution of −1/2s2. The diagram is identical to (2.22), although
here it represents a minimal-string worldsheet interpreted as a 2D spacetime with two branes,
also known as the Laplace transform of a Euclidean wormhole. The 2D gravity amplitude
gives the same leading singularity including the numerical coefficient as (2.22), coming from
the Goldstone sector of causal symmetry.
which is the (2, p) version of what we called ann(ζ1, ζ2) above, and where
ζ1,2 =
√
2piκ cosh 2pibs1,2 , b =
√
2
p
, κ =
√
µ
sin2 pib2
. (4.19)
The constant µ is the bulk cosmological constant of 2D gravity and we have chosen the nor-
malization of the energy variables ζ1,2 so as to reproduce the leading density of states (4.8). A
detailed exposition of the relevant minimal-string calculations can be consulted in [43,44,49].
4.2.1 The ramp
The first non-trivial contribution to the spectral correlation function is obtained by differenti-
ating the FZZT annulus partition function, (4.18), twice with respect to the energy arguments
W annulus(2,p) (ζ1, ζ2) = ∂
2
ζ1,ζ2
Z(2,p)(ζ1, ζ2) , (4.20)
which as we explained above is just the two-resolvent correlation function, now written in 2D
gravity language (cf. Fig. 3). The differentiation with respect to energy arguments proceeds
implicitly, using (4.19) and the resulting integral can be carried out explicitly, with the answer,
[37,43,49],
W annulus(2,p) (ζ1, ζ2) =
sech(bpis1)sech(bpis2)
32piκ2 (cosh(pibs1) + cosh(pibs2))
2 . (4.21)
This finally gives the simple expression,
W annulus(2,p) (ζ1, ζ2) =
1
4
1√−ζ1 + κ
√−ζ2 + κ
1
(
√−ζ1 + κ+
√−ζ2 + κ)2
. (4.22)
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The spectral correlation function is then obtained via
R2(ζ1 − ζ2) = ∆
2
2pi2
ReW (ζ+1 , ζ
−
2 )annulus + reg.
= − ∆
2
2pi2(ζ1 − ζ2)2 = −
1
2s2
. (4.23)
The terms we left out are regular in the limit ζ1 → ζ2, as indicated in the first line. Tak-
ing the real part is equivalent to fixing a prescription to analytically continue the function
W (ζ1, ζ2)annulus, which leads to the singular behavior we indicated. This is the bulk counterpart
of the cylinder contribution in the topological expansion of the EFT of chaos given in Eq. (2.22)
and it is reassuring that the singular part of the diagram indeed coincides with that prediction.
In this way it becomes clear how to map the advanced (red) and retarded (blue) boundaries
in that representation to the properties of the FZZT boundary state given by the boundary
cosmological constants ζ±1,2 (see Figure 3).
While higher-genus contributions, such as (2.24) in symmetry classes different from the
unitary one might be possible to compute in principle (but difficult in practice), the bulk in-
terpretation of the Althshuler-Andreev saddle remains elusive, although it seems promising to
attempt to construct these contributions from applying the Riemann-Siegel lookalike construc-
tion to contributions like (4.22). This would amount to giving a bulk semiclassical description
of the leading singularity around the Altshuler-Andreev saddle, which we discussed from the
EFT perspective in (2.25). The same is true for the physics of spectral correlations in the far
infrared, where the level rigidity symptomatic for systems with hard quantum chaos reflects in
a restoration of causal symmetry and integration over the full flavor matrix manifold. Since the
non-perturbative structure of the EFT is most accessible in the supersymmetric formulation,
it would be desirable to study the extension of the string worldsheet formalism to one that is
dual to the supersymmetric (i.e. graded) flavor framework.
4.3 A three-dimensional example: T2 × I wormholes
In order to further illustrate the universality of the EFT, let us briefly highlight how the leading
1/s2 singularity appears in three dimensional gravity. The relevant computations are described
in references by Cotler and Jensen, [12, 50], who give a path-integral quantization of three
dimensional gravity on spacetimes with the topology of a torus times an interval, T2 × I. This
is the 3D analogue of the annular geometry in the minimal string theory above and we therefore
expect to be able to extract the information of the EFT diagram (2.22) from this. We start
with the expression of the two-boundary partition function, [12],
ZT2×I(τ1, τ2) =
1
2pi2
Z0(τ1)Z0(τ2)
∑
γ∈PSL(2;Z)
Im (τ1)Im (τ2)
|τ1 + γτ2|2 (4.24)
where τ1 and τ2 are modular parameters of the two tori, γ is a Mo¨bius transformation on τ2
and Z0(τ) =
1√
Im τ |η(τ)|2 in terms of the Dedekind eta function. One can show that the leading
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low-temperature behavior at fixed spins s1,2 on each of the boundaries gives, [12]
ZT2×I(β1, β2) ∼ 1
2pi
√
β1β2
β1 + β2
e−E1β1−E2β2 + · · · (4.25)
This expression can be analytically continued to real time by setting β1,2 → β ± iT , which
was used in [12] to obtain the linear ramp behavior. Since we are interested in the partition
function at fixed energies E1,2 instead, we first Laplace transform this expression with respect
to the two temperature parameters, resulting in
ZT2×I(E1, E2) =
1
2pi
ˆ ∞
0
√
β1β2
β1 + β2
e−E1β1−E2β2 =
1
4
√
E1
√
E2(
√
E1 +
√
E2)2
(4.26)
Note the structural similarity with the expression (4.22) above. This allows us to immediately
deduce the contribution of this diagram to the spectral two point function
R2(ω) =
∆2
2pi2
ReZT2×I(E
+
1 , E
−
2 ) + reg.
= − ∆
2
2pi2(E1 − E2)2 = −
1
2s2
(4.27)
which gives the universal ramp contribution to the spectral form factor predicted by the
Goldstone diagram (2.22). Again, the question of how to extend the bulk result to the non-
perturbative level (i.e. O(e−L)) remains open.
5 Discussion
The main theme in this paper has been the universal nature of chaotic spectral correlations gov-
erned by a symmetry-based effective field theory. One of the attractive features of this approach
is that it applies both to ensembles, such as random matrix theory with an arbitrary invariant
potential, or disorder-type models, such as the SYK model, but crucially also to individual
theories without reference to ensembles or disorder averages. In the latter case the content of
the effective field theory is to be understood as applying to the individual quantum system by
providing an envelope function of the typical behavior of connected correlation functions or sim-
ilar observables, where the true correlation function fluctuates potentially quite wildly around
the envelope. The exact envelope behavior can be recovered by some ‘mild’ averaging, say a
running time average of a real-time correlation function or an average over judiciously chosen
energy intervals for a momentum-space correlation function. At the same time we have shown
that specific gravity configurations (e.g. two-sided Euclidean wormholes) allow us to compute
the universal enveloping function from the gravity perspective. One may thus entertain the
hope that similar bulk solutions can likewise be associated to the computation of connected
spectral correlations in higher-dimensional AdS/CFT pairs, such as the ABJM theory [51] or
N = 4 SYM theory [52] without having to construct ensembles of boundary theories (other
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than perhaps via some ’mild’ averaging over a small set of parameters, e.g. moduli or coupling
constants). In this way the EFT perspective gives a quite general justification to consider bulk
wormhole-type contributions even for individual boundary theories, as would be desirable from
the perspective of the recent bulk computations of the unitary Page curve from ‘replica worm-
holes’ [26, 53–55] (see also [56] for a review emphasizing the many-body aspects as relevant to
this work).
The idea that wormhole-type correlations are to be associated with the universal behavior
of quantum chaotic systems has been investigated from the perspective of the eigenstate ther-
malization hypothesis in [57] and from the point of view of a conjecture of the statistics of the
operator-product coefficients in [58]. It would be interesting to investigate further the relation
between these approaches and ours. For this it may be useful to note that FZZT boundary
conditions of the type discussed in Section 4.1 also play a role in establishing eigenstate ther-
malization in simple holographic models [59]. While it is typically hard to establish that a given
theory or class of theories satisfies the eigenstate thermalization (the recent results of [59–61],
as well as [62] from the gravity perspective notwithstanding), we have established here results
of a morally very similar nature, which are however of a wide – in fact in a technical sense
universal – applicability.
In cases where the effective field theory came from an underlying individual quantum system
there is a sense in which correlation functions of the ‘multi-boundary’ type should refactorize
into individual ‘single-boundary’ contributions, and it would be interesting to investigate how
this can be incorporated into the EFT of chaotic quantum systems. Progress in this direction
in JT gravity as well as minimal string theory, albeit without recourse to causal symmetry, was
presented recently in [48,63].
It would be an important goal to examine higher-dimensional examples, and in particular
to compare with recent attempts to associate ensemble-type interpretations to the bulk path
integral. Our symmetry-based approach gives a clear picture in what sense it is appropriate to
interpret fixed individual quantum systems with ensembles. Using the classification result of
Refs. [64, 65] together with the EFT Lagrangian (2.15) adapted to the correct symmetry class
gives a direct algorithm to identify and write down the appropriate ensemble for any boundary
theory of interest. Since the higher-dimensional bulk story in full generality seems to require
a third quantized ”Universe Field Theory”, (see discussions in [26, 66–68]), a more modest
intermediate goal might be to calculate the coefficients of universal singular diagrams predicted
by our EFT from individual bulk manifolds, as we have done here for two and three-dimensional
gravity.
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A Expansion in Goldstone modes vs. topological recur-
sion
As mentioned in the main text, the sigma model approach is applicable to a wide class of chaotic
Hamiltonians, including to matrix Hamiltonians H = {Hµν} drawn from distributions P (H)dH.
Referring to section 3 for a technically detailed discussion, we here stay on a qualitative level and
compare the EFT approach to the topological (genus) expansions central to traditional matrix
field theory. It is instructive to formulate this comparison in a diagrammatic language, where
we will us two slightly different languages for the representation of the theory’s microscopic
building blocks depicted in Fig. 4. On the left, we have the double line notation standard in
matrix field theory, where individual matrix elements Hµν are represented by parallel stubs,
and their Wick contraction is indicated by a double line. The diagrammatic codes standard
in the theory of disordered systems — which are equivalent but arguably are more efficient in
conveying the information relevant to us — the same contraction is indicated by a single dashed
line, as indicated on the right.
Figure 4: Alternative ways of representing building blocks of matrix theories. Left: double line
notation customary in matrix field theory. Right: ‘impurity diagram representation’ customary
in the physics of random systems.
Presently, these building blocks appear in the context of the advanced and retarded resol-
vents G(z+) = (z+−H)−1 and G(z′−) = (z′−−H)−1, which we may consider formally expanded
in H. Upon averaging, this then leads to structures as indicated in Fig. 5 in double line (left) or
impurity (right) syntax. Each diagram contributes to the perturbative expansion with a factor
∼ L−g, where in matrix theory parlance the power g measures its degree of non-planarity, or
genus (cf. the upper and lower left panel), and in that of condensed matter theory the number
of crossing impurity lines (upper and lower right panel).
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Figure 5: Alternative ways of representing building blocks of matrix theories. Left: double line
notation customary in matrix field theory. Right: ‘impurity diagram representation’ customary
in the physics of random systems.
For certain observables, topological recursion formulae establish quantitative connections
between the total contribution of diagrams of genus g + 1 to that of one degree lower, g. This
machinery has been engaged in Ref. [4] to establish a boundary–bulk correspondence by iden-
tifying equivalent hierarchies in the topological expansion of JT gravity purportedly equivalent
to a matrix integral at the boundary. The perturbative approach to chaos or disorder in con-
densed matter physics is somewhat different: Its starting point is the observation that a tiny
(exponential in L) subset of all diagrams contributing to a specific genus class is capable of
producing a singularity in ω−g, where ω = |z − z′|. We emphasize that the degree of the most
violent singularity is precisely matched by the genus, so that the effective perturbative parame-
ter of a series retaining only the maximally singular diagrams reads 1/(Nω)g+l ∼ 1/sg+l, where
l is fixed and depends on the specific definition of the observables. (For example, l = 2 in the
case of the spectral two point correlation function.) This is the expansion parameter featuring
in the expansion of the EFT, indicating that the singular diagrams afford an interpretation
in terms of Goldstone mode propagators and vertices of the field theory. To see this in more
explicit ways, consider the three examples of singular diagrams contributing to the spectral
correlation function (the closed fermion loops representing the trace over resolvents) shown in
the left column of Fig. 6
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Figure 6: Impurity diagram representation of the perturbative surface to bulk correspondence.
Discussion, see text.
The distinguishing feature of these diagrams is that they (a) define a subset of much higher
order (lower entropy) compared to the full contents of a given genus class, (b) can be computed
in closed form for matrix models or other ‘microscopically’ defined models of sufficient simplicity,
and universally yield equal contributions to observables. For example, the figure ∞ diagram
featuring in the second row appears in random matrix theory, the periodic orbit approach to
quantum billiards (the Sieber-Richter contribution [69]), and the theory of disordered metals
(weak localization correction, see Ref. [70] for a historic reference) as a contribution of identical
topology but differently defined microscopic details. The actual computation of the diagrams
from first principles can be tricky, equivalent in complexity to the construction of the EFT
from a microscopically defined model (we will sidestep this complication for the time being.)
However, in the deep infrared, they all contribute as ∼ s−(l+g) with universal coefficients, and
this topological equivalence of the most singular contributions across different theories is the
key to understanding random matrix universality from semiclassical principles [23].
The EFT approach automatically filters out the singular diagrams and represents their
contribution in terms of Goldstone mode fluctuations as discussed above. However, it is in-
structive to stay for a moment on the microscopically resolved level of a matrix theory and
interpret the correspondence indicated on topological grounds in Eqs. (2.22) to (2.24) in the
microscopically resolved language. To this end, consider the three representatives of singular
‘impurity diagrams’ shown in the first column of the bottom part of the figure. Here, the first
(‘wagon wheel’) has g = 0 and accordingly is singular in s−2, translating to the linear in τ
ramp upon Fourier transformation. (For later reference we note that the wheel comes in two
incarnations, one with arrows in opposite orientation, and another, not shown and existing only
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in systems with time reversal invariance, with arrows in identical orientation.) Now pull the
two rings forming the wheel apart to generate a cylinder covered with a pattern of parallel scat-
tering lines. The latter defines a bulk surface describing the wheel shaped ribbon in different
representation.
For a less trivial example, consider the g = 1 diagram which contains stretches of mutually
parallel and anti-parallel propagator lines and hence exists only in systems with time reversal
symmetry. Its higher loop order reflects in a stronger singularity, ∼ s−3, yielding a sub-leading
correction ∼ τ 2 to the form factor of systems in the corresponding symmetry classes. This
time, the rearrangement into two non-crossing propagator loops requires a section of maximally
crossed statistical lines, which is information equivalent to the presence of a cross-cap in surface
representation. Finally, the third diagram is one of two representatives with s−4 singularity,
mutually canceling each other in their contribution to the spectral form factor but not to
other observables. While a consistently opposite arrow orientation indicates that time reversal
symmetry is not essential, a representation avoiding the crossing of propagator lines requires
an underlying torus topology (indicated by identified boundaries in the figure.) Again we may
pull the propagator lines apart to end up with two loops connected by a surface that contains
a handle and is covered with a fabric of non-intersecting scattering lines.
The high level of universality manifest in the topology of the diagrammatic expansion sug-
gests the presence of a simple underlying principle. The latter becomes obvious once we return
to the level of the EFT and abandon the perturbative approach in favor of a non-perturbative
one.
B Supersymmetry vs replicas
Supersymmetry is the method of choice when it comes to the investigation of non-perturbative
structures in quantum chaos. However, occasionally, supersymmetry is not an option and
we must resort to the alternative formalism of replicas instead. Presently this happens in
connection to our discussion of minimal string theory, where formulations dual to a matrix
theory containing inverse determinants (‘ghosts’) are not available. We therefore must do with
a fermionic, non-graded version of the theory.
While in the early days of the field replicas have been dismissed as ill suited to the extraction
of any non-perturbative information [40], it later became clear that this verdict had been overly
harsh. Beginning with Ref. [71], various non-perturbative effects in spectra and wave function
localization have been successfully described by replica methods. To get the idea and touch
base with the supersymmetry formalism, consider the product Z ≡ ∏Ri=1 det(zi − H) of R
determinants. Employing the first of R energy arguments as a source, we obtain
∂z1Z
∣∣
zi=z
= ∂z1|z1=z det(z1 −H) det(z −H)R−1 R→0−→
∂z det(z −H)
det(z −H) . (B.1)
This expression teaches us that in the replica limit R→ 0 the fermionic partition sum assumes
a form identical to that of the supersymmetric one Eq. (2.9), where the R− 1→ −1 fermionic
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Figure 7: Choices of contours for the Airy integral. The allowed regions shown in grey with
ranges −pi
6
< θ < pi
6
, pi
2
< θ < 5pi
6
and −5pi
6
< θ < −pi
2
. Here we have defined θ = argt. A ‘good’
contour approaches the point at infinity along one of the allowed directions and connects two
good regions.
spectator determinants turn into a ‘missing fermionic determinant’ assuming a role of an bosonic
one. Of course, all this presumes that the replica limit is well defined. Pushing on and subjecting
the determinants to the field theory machinery we obtain an R-flavor theory, or 2R flavors if
retarded and advanced resolvents are correlated with each other. At the saddle point level, we
accordingly encounter 22R different choices of saddle point solutions. However, in view of the
above fermion-boson analogy, one expects that only one of these assumes the role of the AA
saddle. This is the one, where in each of the 2(R − 1) spectators we pick the ‘causal saddle’,
and in the sourced replica channel no. 1 invert the sign. Formally, one indeed finds that in the
replica limit, the fluctuation contributions around all other saddles vanish. Adding the surviving
replica AA saddle to the standard one, the correlation function (2.26) is recovered [71]. The
recovery of the full result by saddle point analysis is again owed to the semiclassical exactness
of the integrand. However, even for symmetry classes were this not fulfilling this criterion,
an asymptotic expansion around the two saddle points yields excellent descriptions of spectral
correlations to any desired precision.
C Airy function
In this appendix we review a few well-known facts regarding the Airy function and its complex
integral representation which we made use of in the main text. Let us define the following
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integral
An(z) =
1
2pii
ˆ
Cn
e−
t3
3
+ztdt (C.1)
for any of the three contours shown in Figure 7. Each of these contours connects one allowed
region (shown in grey in Figure 7) to another, where these regions are chosen such that the
integrand decreases exponentially whenever one approaches infinity inside an allowed region.
These are related to the standard Airy functions by
Ai(z) = A1 , (C.2)
Bi(z) = i(A2 − A3) . (C.3)
The choice contours and therefore which linear combinations or Airy functions are selected are
dictated by the observable we wish to compute. We illustrate this on the example of the integral
(4.10) in Section 4, that is
I =
ˆ
dλ1dλ2
2pi
e
−eS0str
(
λ3
3
+ζˆλ
)
, (C.4)
where we have the diagonal matrices λ = diag(λ1, iλ2) , ζˆ = diag(ζ1, ζ2), and the integrations
are initially over the real axis. The λ2 integral is therefore deformable into the integral along
the contour C1 and gives the standard Airy function Ai. The second integral, for λ1 along the
real axis must be deformed into either the contour C2 or the contour C3. Which contour is
chosen depends on the sign of the imaginary part of ζ1. The correct contour choice is C3 for
ζ1 + i0 and C2 for ζ1 − i0. All in all we then find that
I± = 2piAi(x2) (Bi(x1)± iAi(x1)) , xi := −e2S0/3ζi , (C.5)
where the subscript ± is correlated with the sign of the imaginary part of ζ1 in a hopefully
obvious notation. Then the rest of the analysis in Section 4 goes through as advertised. We
note that the fact that the contour of integration is chosen according to the imaginary part of
ζi is a manifestation of the same mechanism which led to the choice of different saddles in the
standard sigma model, but now at the level of the exact Airy integral, which is a special case
of the (graded) Kontsevich model studied in Section 4.
We can furthermore use the integral representation (C.1) to give a simple description of
the asymptotic behavior of the Airy function(s) for large positive and negative values of their
argument. In order to obtain the asymptotic behavior of any of the three integrals defined in
(C.1) one should perform the integral by steepest descent. For this we want to consider the
solutions of the saddle-point equation t2 − z = 0. For z > 0 we therefore have two saddle
points on the real axis at ±√z, while z < 0 leads to two saddles along the imaginary axis at
±i√|z|. Which of the saddles contribute to a steepest descent analysis depends on the choice
of original contour as well as the sign of the argument. Consider, for example the function
Ai(z), that is the contour C1. For positive argument the steepest descent contour only passes
through the saddle at −√z, while the saddle at √z does not contribute. This leads to the well
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known asymptotics
Ai(z) ∼ e
− 2
3
z3/2
z1/4
(z > 0) . (C.6)
However, if z < 0, the contour C1 is deformable into the steepest descent contour through both
saddles at t = ±√|z|, which leads to the oscillating behavior
Ai(z) ∼ 1
z1/4
cos
(
−pi
4
+
2
3
|z|3/2
)
(z < 0) . (C.7)
As we commented in the main text the same analysis goes through if we perform a semiclassical
expansion of the Kontsevich model for eS0  0, which we can understand by rescaling the Airy
integrand (C.1)
e
−eS0
(
λ3
3
−ζλ
)
= e
−
(
t3
3
−zt
)
, ⇔ e2S0/3ζ = z , eS0/3λ = t , (C.8)
so that the large z asymptotic analysis just described exactly coincides with the eS0  1
semi-classical evaluation of the integral, as advertised.
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